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Back to Basics (I/1V)
Dual Group and Characters

Let G be a finite Abelian group of exponent E.
The dual group of GG is

G = Hom(G,Ug)

where Uy is the multiplicative group of E!* roots of the unity
in C.

Property

—~

G is isomorphic to G .

Notation
X¢: 1S the image of a € G by such an isomorphism.

Example
If G =F7, we have x&(x) = (—1)*7* .
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Back to Basics (II/1V)
Fourier Transform

Let f: G — C.
The Fourier transform of f defined by

fla)= 3 fl@)x&(=) .

xelG

Parseval Equation

G 2 [F@If = 1f@)I°.
aceG

zelG
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Back to Basics (II1/1V)
Perfect NonlLinearity

Let f: G171 — Go.

e The derivative of f in direction a« € GGq1 is

dof @€ G — fx+a)— f(z) .

e f is balanced if for each B € G»

{z € G1lf(2) = B} = |22} .

e f is perfect nonlinear (pnl) if for each nonzero a € G4

do f IS balanced.
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Back to Basics (IV/IV)
Fourier Characterization

T heorem

f Gy — Go is pnl if and only if for each nonezero B € Go the
Fourier transform of the complex-valued function f(® =%, of

G
has constant magnitude /|G1|.
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On Fixed-Point Free Involutions of F3' (I/III)
Definitions and First Results

Let o0 € S(FT).
o is a fixed-point free involution (fpfi) if

for all x € F, oz = = and o2z = z.

The set of all fpfiis a conjugacy class of S(Fg’b). Its cardinality
IS then

2m|
om—1 !22m_1 |

Example
Let o be a nonzero element of IFB”‘. The translation oo @ ¢ €

F'— 2@ a € F5' is an fpfi.
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On Fixed-Point Free Involutions of F3' (II/III)
Maximal Group of fpfi

Let G C S(F7') be a subgroup such that all nonidentity element
of G is a fpfi. G is called a maximal group of involutions (mgi)
of FI if |G| = 2™.

Such a mgi is Abelian.

Examples

e The group of all translations T(F5') = {O'a}ae]pgz is a magi.

o Let m € S(FY). Gr = T (F3)m~ 1 is a mgi.
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On Fixed-Point Free Involutions of F3' (III/III)
Maximal Group of fpfi

Property
A mgi G acts regularly on 5.

In other terms, for each x € 5", the orbital function

¢z 0 € G — ox €5

IS one-to-one.
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Generalized Perfect NonLinearity

Let f:F5" — 5 and G be a mgi of F5'.
The derivative of f in direction o € G is the function

Dof iz € FJ'— f(ox) ® f(x) € F5 .

Definition
f is said G-pnl if for each nonidentity o € G

Dy f is balanced.

Proposition
fis T(FZ*)-pnl if and only if f is pnlin the traditional way.
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Fourier Characterization (I1/IV)

G- “Convolutional product” of two real-valued functions f and
g defined on F75' (where G is a mgi of F3})

fRg(e)= ) f(z)g(ox) .

:I:E]Fgl
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Fourier Characterization (II/1V)

The Fourier Transform of the G-convolutional product is

f&Q(U) — A Z faz(ff)gx(a)

a:E]Fm

where f; : G — R defined by fz(0) = f(ox).
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Fourier Characterization (III/IV)

New Theorem
Let G be a mgi of F5* and f : 5" — 5.

f is G-pnl if and only if for each ¢ € G and for each nonzero
B e I3

> (fD(0))2 =22

:BE]FTQ"’
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Fourier Characterization (IV/IV)

New Theorem
Let G be a mgi of F5" and f : 5" — 5.

fis G-pnlif and only if for each x € F7!, fz : 0 € G — f(ox) € F}
IS pnl in traditional way which is equivalent to the fact that for
each x € IF5?, for each nonzero 8 € IF5 and for all o € G

m
2

1£59(0)| = 2
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Construction of a Generalized Boolean Bent Function

(1/11)

Let 7 € S(FSY) and Gr = 7T (F4)r—1. Let g : FJ — F% be a
(classical) perfect nonlinear function.

We define
frxeFY— f(z) =g(rtz) € FS .

Proposition
The function f previously defined is Gr-perfect nonlinear.



16/18

Construction of a Generalized Boolean Bent Function

(I1/11)

Proof
Let o be a nonidentity element of G and g8 € 5.

{z € FD|f(ox) ® f(z) = B} = [{z € F|f(noar™1z) ® f(z) = B}

= Hy € F3|f(moay) © f(my) = B}
(by the change of wvariable v = 7w~ 11)

= |y € F3'|g(oay) ® g(y) = B}

= Hy e FPlglady) ®g(y) = B}

= 2M~"(py perfect nonlinearity of g).
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Conclusion (I1/II)
Summary

Generalization of the notion of Perfect Nonlinearity in the
boolean case by considering groups of involutions rather
than simple translations.

Characterization with the Fourier transform that leads to
generalized boolean bent functions.

Characterization by the distance to a set of “affine” func-
tions.

Construction of a GG-Perfect NonLinear function in the case
where G is a conjugate group of T'(F7").
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Conclusion (II/1I)
Further Works

e Let G be a mgi of F3'. Is G be conjugate to T'(F5") 7

e If it is not the case we should construct a G-perfect nonlin-
ear function for G non conjugate to T'(F%5).

e Study of links with hyper-bent functions.
Indeed f : Fom — 5 is hyper-bent if for all d co-prime with
2m _ 1,z — f(z%) is bent.



