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Permutation patterns

Let 7=71...7p and 0 = 01...0, be two permutations, p < n.

H 7oceursino if din<...<ipp: o0,<0, & 7,<7s

H
6 2 3514

Example: p=3, n=6, 7 = 132.
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Permutation patterns

Let 7=71...7p and 0 = 01...0, be two permutations, p < n.
B roccursino if Jiq<...<ip: oj; <0j, & T <Ts

7 tightly occurs ino if Ji: oy <oiys & 77 <75

6 2 3514 6 25314

Example: p=3, n=6, 7 = 132.
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Permutation patterns

Let 7=71...7p and 0 = 01...0, be two permutations, p < n.
Toceursino if dn<...<ipp: 0, <o0;, & T,<7Ts
7 tightly occurs ino if Ji: oy <oiys & 77 <75
7 very tightly occurs ino if Ji,hVj: ojyj=71+h

6 2 3514 6 25314 6 2 4315

Example: p=3, n=6, 7 = 132.
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Enumeration methods for very tight patterns

There are two cases.
Patterns cannot overlap  ~~ inclusion-exclusion principle.

Patterns can overlap  ~~ cluster method.

Case 1: 7 =1243 Case 2: 7 =2143
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Enumeration of patterns that cannot overlap

m Let 7 € S, be a pattern .
that cannot overlap. D

m Let a, «(7) be the number 0
of permutations o € S, with <
k very tight occurrences of . 5

m Theorem (Myers, 2002): <

an k(1) = Ln/(i_:lm(_l)f—k (/’() <” - (P - 1)i> (n —(p— 1)i)!

X I
i=k

m Proof: the inclusion-exclusion principle.
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Autocorrelation polynomials of patterns in permutations

-1
Autocorrelation polynomial of 7 € S, is A (z) = ) ¢Z,
Jj=0

where ¢; = 1 iff the pattern matchs itself after shifting
by j positions along the diagonal (otherwise, ¢; = 0).

A1234(Z) =1 +
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Autocorrelation polynomials of patterns in permutations

-1
Autocorrelation polynomial of 7 € S, is A (z) = ) ¢Z,
Jj=0

where ¢; = 1 iff the pattern matchs itself after shifting
by j positions along the diagonal (otherwise, ¢; = 0).

A1234(Z) =14+z+
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Autocorrelation polynomials of patterns in permutations

-1
Autocorrelation polynomial of 7 € S, is A (z) = ) ¢Z,
Jj=0

where ¢; = 1 iff the pattern matchs itself after shifting
by j positions along the diagonal (otherwise, ¢; = 0).

A1234(Z) =14+z+ Z2+
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Autocorrelation polynomials of patterns in permutations

-1
Autocorrelation polynomial of 7 € S, is A (z) = ) ¢Z,
Jj=0

where ¢; = 1 iff the pattern matchs itself after shifting
by j positions along the diagonal (otherwise, ¢; = 0).

A1234(Z) =14+z+ Z2 + Z3
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Autocorrelation polynomials of patterns in permutations

-1
Autocorrelation polynomial of 7 € S, is A (z) = ) ¢Z,
Jj=0

where ¢; = 1 iff the pattern matchs itself after shifting
by j positions along the diagonal (otherwise, ¢; = 0).

Aiz2a(z) =1+ A13a(z) =1+ z+ 22+ 23
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Autocorrelation polynomials of patterns in permutations

-1
Autocorrelation polynomial of 7 € S, is A (z) = ) ¢Z,
Jj=0

where ¢; = 1 iff the pattern matchs itself after shifting
by j positions along the diagonal (otherwise, ¢; = 0).

Aiz2a(z) =1+ A13a(z) =1+ z+ 22+ 23
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Autocorrelation polynomials of patterns in permutations

-1
Autocorrelation polynomial of 7 € S, is A (z) = ) ¢Z,
Jj=0

where ¢; = 1 iff the pattern matchs itself after shifting
by j positions along the diagonal (otherwise, ¢; = 0).

Aiz2a(z) =1+ A13a(z) =1+ z+ 22+ 23
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Autocorrelation polynomials of patterns in permutations

-1
Autocorrelation polynomial of 7 € S, is A (z) = ) ¢Z,
Jj=0

where ¢; = 1 iff the pattern matchs itself after shifting
by j positions along the diagonal (otherwise, ¢; = 0).

Aza(z) =1+ 2% Asa(z)=1+z+22+ 73
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Autocorrelation polynomials of patterns in permutations

-1
Autocorrelation polynomial of 7 € S, is A (z) = ) ¢Z,
Jj=0

where ¢; = 1 iff the pattern matchs itself after shifting
by j positions along the diagonal (otherwise, ¢; = 0).

A1324(Z) =1+ Z3 A1234(Z) =14+z+ Z2 + Z3 A3412(Z) =1+
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Autocorrelation polynomials of patterns in permutations

-1
Autocorrelation polynomial of 7 € S, is A (z) = ) ¢Z,
Jj=0

where ¢; = 1 iff the pattern matchs itself after shifting
by j positions along the diagonal (otherwise, ¢; = 0).

A1324(Z) =1+ Z3 A1234(Z) =14+z+ Z2 + Z3 A3412(Z) =1+
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Autocorrelation polynomials of patterns in permutations

-1
Autocorrelation polynomial of 7 € S, is A (z) = ) ¢Z,
Jj=0

where ¢; = 1 iff the pattern matchs itself after shifting
by j positions along the diagonal (otherwise, ¢; = 0).

A1324(Z) =1+ Z3 A1234(Z) =14+z+ Z2 + Z3 A3412(Z) =1+ Z2
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Autocorrelation polynomials of patterns in permutations

-1
Autocorrelation polynomial of 7 € S, is A (z) = ) ¢Z,
Jj=0

where ¢; = 1 iff the pattern matchs itself after shifting
by j positions along the diagonal (otherwise, ¢; = 0).

A1324(Z) =1+ Z3 A1234(Z) =14+z+ Z2 + Z3 A3412(Z) =1+ 22
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Autocorrelation polynomials of patterns in permutations

-1
Autocorrelation polynomial of 7 € S, is A (z) = ) ¢Z,
Jj=0

where ¢; = 1 iff the pattern matchs itself after shifting
by j positions along the diagonal (otherwise, ¢; = 0).

1 <Tp 1 < Tp 1L > Tp

/ / N

A1324(Z) =1+ Z3 A1234(Z) =14+z+ Z2 + Z3 A3412(Z) =1+ 22
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Enumeration of patterns that can overlap

m Let 7 € S, be a pattern .
that can overlap. D

m Let a,«(7) be the number .
of permutations o € S, with <
k very tight occurrences of 7. 5

m Theorem (Claesson, 2022): 0

5 o[ (u—1)zP !
> anlT Z '< + (u—l)(AT(z)—1)>

n,k>0

m Proof: the cluster method of Goulden and Jackson.
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-
Asymptotics for a, «(12)

m Asymptotics (Béna, 2007):

ank(12) et

1 A —

n! k!

as n — Q.

m This is a Poisson distribution Pois(1) with parameter A\ = 1.
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-
Asymptotics for a, «(7) with A.(z) =1, p > 2

m Suppose that 7 € S, cannot overlap, i.e. A;(z) =1.
m Generating function of permutations:

P(z) = Z n!z"
n=0

m Generating function (Claesson, 2022):

Z an k(1) 2"k = P(z + (u— 1)2”)

n,k>0

m Asymptotics (Kirgizov, N., 2024+):
a,,’k(T) 1 1

as n — Q.
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-
Asymptotics for a, «(7) with A-(z) #1, p > 2

m Suppose that 7 € S, can overlap, A;(z) =1+2z"+ ...
m Generating function (Claesson, 2022):

n, k _ z (u—l)Zp
Z ank(r)2"u —P< Jr1_(u—1)(AT(Z)—1)>

n, k>0

m Asymptotics (Kirgizov, N., 2024+): as n — oo,

1 1 .
K pk(p-2) tom=p-1
ank(7) 1 ko1 (k—=1\ ..
o nk(P*2)'s§1§ s—1 tom=p=2
1
if m<p-—2

nkm+(p—2—m)

Khaydar Nurligareev (joint with Célia Biane and Sergey Kirgizov)

Asymptotics of consecutive patterns in permutations and matchings



Interlude

Interlude

Self-overlapping permutations
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Self-overlapping permutations

Permutation o € S, is self-overlapping if there is k < n:
{1,..., k} is invariant under o,
B {n— k+1,...,n} is invariant under o,

01...0¢ and op_k41 ...0p are isomorphic.

2143605 2143605

It is always possible to choose k < n/2.
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Structure of self-overlapping permutations

mletoeS, and o1 < op.

Then o is non-self-overlapping iff A,(z) = 1.

m Every permutation o € 5, 1
can be decomposed as )

C=01D..00mBTPO,®...B0; Om

where
m o; are non-self-overlapping, Im
m T is empty or
non-self-overlapping. g_ll
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Asymptotics of non-self-overlapping permutations

Generating functions (Kirgizov, N., 2023+):

14+ N(2)
P(Z)—W(Zz),

where
m P(z) is the OGF of permutations,
m N(z) is the OGF of non-self-overlapping permutations.
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Asymptotics of non-self-overlapping permutations

Generating functions (Kirgizov, N., 2023+):

14+ N(2)
P(Z)—W(Zz),

where
m P(z) is the OGF of permutations,
m N(z) is the OGF of non-self-overlapping permutations.

Asymptotics (Kirgizov, N., 2023+ ):

r—1
noy 1
P If-overl =1- 7
(O’ IS non-self-over applng Z n) <n2r> )
k=1
where

m no, = #{non-self-overlapping permutations of size k},
m (n)g=n(n—1)...(n— k + 1) are falling factorials.
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Patterns in matchings
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S
Matchings

m A (perfect) matching is an involution without fixed points.

m A matching of size n consists of 2n points and n arcs:

m/\

9 10 11 12 13 14

m There are (2n — 1)!! matchings of size n.
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-
Endhered patterns

m Endhered pattern in a matching:
m starting points form an interval,
m ending points form an interval.

AN

1 2 3 4 5 6 7 8 9 10 11 12 13 1
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-
Endhered patterns

m Endhered pattern in a matching:
m starting points form an interval,
m ending points form an interval.

N\ AN

1 2 3 4 5 6 7 8 9 10 11 12 13 1

m Endhered patterns are encoded by permutations:

ﬁ&_._ o~ F=132

m by «(7) = #{matchings of size n with k patterns 7}.
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Endhered twists

Left endhered twist: reverse all runs of consecutive left points.

m/\

10 11 12 13 14

> —

1 letw

1 2 3 4 5 6 7 8 9 10 11 12 13 14
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Endhered twists

Right endhered twist: reverse all runs of consecutive right points.

m/\

10 11 12 13 14

—

1 2 3 4 5 6 7 8 9 10 11 12 13 14
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-
(Wilf) equivalent patterns

1 3 2 2 3 1
letw | letw |
retw
' o/\o—o— e ° o ——o—
3 1 2 2 1 3

m Left twist: relabeling 1,...,p — p,...,1 in a pattern.
m Right twist: reversing a pattern.
B by k(1) = bpk(letw(7)) = bp k(retw(7)).
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Pattern 7 = 21, recurrences

m Generating: byi1x =
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Pattern 7 = 21, recurrences

m Generating: byi1x =
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Pattern 7 = 21, recurrences

w Generating: bny1k = bnk-1+
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Pattern 7 = 21, recurrences

= Generating: bn1k = bni1+ + 20k + Dbn i
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Pattern 7 = 21, recurrences

m Generating: bpi1k = by 1+ 2(n— k)bp i+ 2(k +1)by i1
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Pattern 7 = 21, recurrences

m Generating: bpi1k = by 1+ 2(n— k)bp i+ 2(k +1)by i1

m Insertion:
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Pattern 7 = 21, recurrences

m Generating: bpi1k = by 1+ 2(n— k)bp i+ 2(k +1)by i1

m Insertion:

m Inclusion-exclusion:

bri1o= Y (-1)"* <Z> (2k + 1)!!

k=0
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Pattern 7 = 21, generating function and asymptotics

m Generating function:

ZU) Zank

n=0 k=0
m Exact form:
9B ez(ufl)
—(z,U) = ———
0z (1-2z)3
m Asymptotics: as n — oo,
bn,k 671/2

(2n— 1)1l ~ 2Kkl
(Poisson distribution Pois(1/2) with parameter A\ = 1/2)
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Autocorrelation polynomials of patterns in matchings

G
Autocorrelation polynomial of 7 € S, is A (z) = > ¢Z,
r

where ¢; = 1 iff the pattern matchs itself after shifting right
by j positions (otherwise, c; = 0). Here, we suppose that 71 < 7p.

CE; is‘: A3(z) =1+
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Autocorrelation polynomials of patterns in matchings

G
Autocorrelation polynomial of 7 € S, is A (z) = > ¢Z,
r

where ¢; = 1 iff the pattern matchs itself after shifting right
by j positions (otherwise, c; = 0). Here, we suppose that 71 < 7p.

. . A123(Z) =1+2z+
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Autocorrelation polynomials of patterns in matchings

G
Autocorrelation polynomial of 7 € S, is A (z) = > ¢Z,
r

where ¢; = 1 iff the pattern matchs itself after shifting right
by j positions (otherwise, c; = 0). Here, we suppose that 71 < 7p.

A123(Z) =14+z+ 22
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Autocorrelation polynomials of patterns in matchings
-1
Autocorrelation polynomial of 7 € S, is A (z) = > ¢Z,

j=0

where ¢; = 1 iff the pattern matchs itself after shifting right
by j positions (otherwise, c; = 0). Here, we suppose that 71 < 7p.

i E j i E ‘_\ A123(Z):1+Z+22

*—o—0
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Autocorrelation polynomials of patterns in matchings

G
Autocorrelation polynomial of 7 € S, is A (z) = > ¢Z,
r

where ¢; = 1 iff the pattern matchs itself after shifting right

by j positions (otherwise, c; = 0). Here, we suppose that 71 < 7p.

A123(Z) =14+z+ 22

A213(Z) =1 +
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Autocorrelation polynomials of patterns in matchings

G
Autocorrelation polynomial of 7 € S, is A (z) = > ¢Z,
r

where ¢; = 1 iff the pattern matchs itself after shifting right

by j positions (otherwise, c; = 0). Here, we suppose that 71 < 7p.

A123(Z) =14+z+ 22

A213(Z) =1 +

Khaydar Nurligareev (joint with Célia Biane and Sergey Kirgizov)

Asymptotics of consecutive patterns in permutations and matchings



Autocorrelation polynomials of patterns in matchings
-1
Autocorrelation polynomial of 7 € S, is A (z) = > ¢Z,

j=0

where ¢; = 1 iff the pattern matchs itself after shifting right
by j positions (otherwise, c; = 0). Here, we suppose that 71 < 7p.

i E j i E ‘_\ A123(Z):1+Z+22

*—o—0
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__________________________________________
Asymptotics for b, x(7) with A-(z) =1, p > 2

m Let 7 € S, be a non-self-overlapping pattern, i.e. A-(z) =1.
m Generating function of matchings:

(e 9]

M(z)=> (2n— 1)l 2"

n=0

m Generating function (Kirgizov, N., 2023+ ):

Z bn k(1) z"u _M(z+(u—1)zp>

n,k>=0

m Asymptotics (Kirgizov, N., 2023+):

bp k(7) 1 1
2n— 1)1 " kI2k(p=1) " pk(p-2)

as n — Q.
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-
Asymptotics for b, x(7) with A-(z) # 1, p > 2

m Let 7 € S, be self-overlapping, A-(z) =1+2z"+...
m Generating function (Kirgizov, N., 2023+ ):

Nyk = z Cht).
> bak(7) M( T w-DA@) - 1))

n,k>0
m Asymptotics (Kirgizov, N., 2023+): as n — oo,

1 1
kI 2k(p—1) ~ pk(p—2)

b k() 1 ko1 [k—1\ o
m - (2n)k(P=2) 52:21 slos\s_1 if m=p-—2
1

if m=p-—1

2(2n)km+(p—2—m) if m<p-2
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|deas of proofs
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Asymptotics of factorially divergent series (Borinsky)

= a"Pr(n+ 8 a e
2n =T (n+5) (CO Yt A0 @+ B-D(nts-2) "

a
‘AB

o0 o0
E apz" ——— g chz"
n=0 n=0

Properties:
= (AZ(A- B))(2) = A(z) - (A5 B)(2) + B(2) - (A A)(2),
= (A5(A0 B))(2) = A'(B(2)) - (A3B)(2)

(st (2 k)
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Extracting asymptotics for permutation patterns

a P(z) = ijon!z" N (A1P)(2) = 1
" G(z)=z+ (=17 = (AlG)(2) =0

1= (u—1)(A.(z) - 1)

m Composition:

1—(u— 1)2"_1
1—(u—1)(A(2) —1-2zr 1)

(u—1)zP2
e <1 —(u-D(A(2) - 1- Zp1)>

(A1(Po G))(2) =
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Extracting asymptotics for matching patterns

% ) _ L
= M(z) = X (20— 1)tz = (AT M) (2) = W

6(2) = 2+ — D = (A6)(2) =0
| z z 1— (u—1)(A(2) - 1) 1/2 z

m Composition:

2 (Mo G))(z) = —— (u-pert TP
(e )0 = o (146 i)

( (u= 1)z 2 )
Pl2@ = (u-1)(A(2) -1 - 2r D))
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Conclusion

Studied objects:
m consecutive patterns in permutations and matchings,
m self-overlapping permutations.

A Tools:
m the symbolic method,
m singularity analysis,
m Goulden-Jackson cluster method,
m Borinsky's approach.

Results:
m asymptotics for any very tight pattern in permutations,
m enumeration and asymptotics for any endhered pattern,
® enumeration and asymptotics of non-self-overlapping
permutations.

Thank you for your attention!
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