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1. Background



The smooth semantics

Formulas:

= Each MALL formula is a finite dimentional vector space :
[1]=R [A®B]:=[A]x[B] [A®B]:=[A]W[B]

= Exponentials are interpreted by infinite dimensional vector spaces:
= [?A]:=C=([ A]',R) (functions)
» [1A]:=C®([ A],R) (distributions)

= Negation is duality: [ AL [:=[A] =L([A],R)
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= Each MALL formula is a finite dimentional vector space :
[1]=R [A®B]:=[A]x[B] [A®B]:=[A]W[B]

= Exponentials are interpreted by infinite dimensional vector spaces:
= [?A]:=C=([ A]',R) (functions)
» [1A]:=C®([ A],R) (distributions)

= Negation is duality: [ AL [:=[A] =L([A],R)

Proofs:

= Each proof is a linear map between the interpretation of the
formulas.

= A=B=!A—B is C®(4,B)~L(!A B)

= The dereliction states that L(A4, B) C C*(A, B) : it forgets the
linearity.



Differential Linear Logic

[d Differential interaction nets. Ehrhard, Regnier (2004)

faC”(R,R)

_/
A0

Differential linear logic is about linear extraction of a proof

(:AFB f:lA-B d
(:'AFB Do(f): AFB
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Differential Linear Logic

= Other rules has to be added (cut-elimination)

FT W l—l—‘,f:?A,g:?AC I—F,;L':Ad Fl,x: A
FT,csty : 7A FT,fg:7A FTev,7A Fr, o, 1A
B FT,b0:1A FA¢:1A FTv: A _

Foo 14 W FT,A¢9%6:14 ¢  FT,Do()(v):14 9

= They have nice mathematical interpretation (differential calculus)

d/p is the chain rule



Partial differential equations in the syntax
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Partial differential equations in the syntax
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Partial differential equations in the syntax

é:Al—Bd f:1AEB -
(: 1A+ B Do(f): AF B
Forgets linearity Applies Dy

Solution of Dy(.) =¢7?
That is ¢ since Dg(¢) = ¢

L:AFB d ﬂd
f:1AFB D(f): A-B
So pplies D
A [

Solution? (LPDO) Type?



Graded linear logic

[d A core quantitative coeffect calculus. Brunel et. al (2014)

[§ Combining Effects and Coeffects via Grading. Gaboardi et. al (2016)

—{ Exponential rules of BsLL |

TkERB w F,!IA,!yAl—BC I'AFB q
I'lyAFB I eyyAEB r"Ar B
o A1, .. A E B ', ArB z<y
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Graded linear logic

[d A core quantitative coeffect calculus. Brunel et. al (2014)

[§ Combining Effects and Coeffects via Grading. Gaboardi et. al (2016)

—{ Exponential rules of BsLL |
TkERB w F,!IA,!yAl—BC I'AFB
T, AF B T, AF B T LAFB ¢

!z1A17~-~7!mnAn|_B‘\ b r',A-B .’ESyd
!mliyAlvo..alanyAnF!yB\ F,'yAl_B \ 4

\ \

Multiplicative law Additive law Order

(S,+,0, x,1,<) is an ordered semiring

= Type system for ressource consumption

= Coeffect analysis



The logic DBsLL

= A syntactical differentiation of BgLL
—( The exponential rules of DBSLL}

FT FF,?xA,?yA FF,?zA z <y
. FLLA FALA O FDLA z<y
FloA ™ FT,A L, A ¢ — rra 9

—{ Theorem )}

When S is additive splitting, and the order is define through the sum,

DBsLL enjoys a cut elimination procedure.




Linear Partial Differential Operators

—{ Definition

A LPDOcc is a linear operator defined as

oled
D= Z aa I (aa €R)

aeNn

= A LPDO acts on smooth maps, or distributions.

= A fundamental solution is a distribution ®p s.t. D(®p) = dy

= Monoidal structure: (D, o,id) is a monoid

= A crucial equality: ®p,op, = ®p, * Pp,



The smooth semantics for IDiLL

—{ Definition

R — ?idE _ R — !idE
W W
1 — csty 1 - 50
c: {?DlE ® ?D2E — ?D10D2E
f®g = ®pop, * (D1(f).D2(9))

. {!DlE ® !DQE — !DlngE

Y®9 = x
d; - {?DlE — ?DloDzE a . {!DlE — !DlngE
I- I
f — ®p, * f ) — 1) o Dy

— Theorem )}

The smooth semantics is compatible with the cut-elimination proce-

dure.




= 2(?7A) = C>®(C>=(R™,R),R), how to describe it? Topological
structure? Reflexivity?

= How would the promotion interact with d;? Another chain rule?

= Which differential equations are represented?
We need linearly independant families to interpret partial derivatives:

= For finitary formulas, we are isomorphic to R".
= For (E,V), we define |p(E,V) as (IpE,!pV)

10



2. From Laplace transform to
polarization




How to combine differentiation, gradation and higher order?

= |n linear logic
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!
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How to combine differentiation, gradation and higher order?

= |n linear logic

Ay, 1Ak B AL B
!
14;,...,14, + B 142414 5B

For f € C(A,B),g € C(B,C), f;gis:

1A 24 14 g9 ¢
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How to combine differentiation, gradation and higher order?

= |n linear logic

1A,,... 1A, F B 'ALB
A, A, 1B " 14 P44 M5B

For f € C(A,B),g € C(B,C), f;gis:

VRNV NNy

= In graded linear logic

1,41 B

AL, Yy Ay - B
zy 'z
CEXylAl"'~7 *TXYn A }_ ' B 'g;)(yA pA,_} 'I'yA—f>’rB
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How to combine differentiation, gradation and higher order?

= |n linear logic

Ay, Mn b B 'ALB
A, ..IA,F B 1A P44 508

For f € C(A,B),g € C(B,C), f;gis:

VRNV NNy
= In graded linear logic
f
|
|y1A1 A l_ B yA — B
z .y Iz
CEXylAl"'~7 *TXYn A }_' B 'g;)(yA pA,_} 'I'yA—f>’rB

= From monoid to semiring, requires discreteness

11



A polarized version?

o Discrete
Polarization of .
version of the
the formulas .
semiring

12



A short expedition in hell

= In DiLL, cut elimination introduces sums of proofs

= Semantically, D(f.g) = D(f)g + fD(g)

24,74 F AL
F7A_°C

= |n the syntax: proofs get very technical

A g F2424  FIAT " pal
d F?24,74 FIAL _ 'A,? ! 3
Flat J.o =7 cut T W F74 @ Tar ©
£ = 2 cut =
= No more sums with the grading
F7.4,7,A

cut

. k4t
F 70ig A FAl

cut

z+y=1=2z=0y=1lorz=1,y=0
= A very heavy syntax, a discrete semiring

13



The Laplace transform, at higher order

The Laplace transform, for engineers:

L(f)=zr /e*“f(t)dt
The Laplace transform, at higher-order:
L) =Le Az e A @)

At the core of DilLL:

Laplace transform turns costructural rules into structural ones.

Z(bo) = cstq LWx¢) =L )L (9) Z(Do(-)(v)) = eval,

14



The Laplace transform, at higher order

The Laplace transform, for engineers:

L(f)=zr /e*“f(t)dt
The Laplace transform, at higher-order:
L) =Le Az e A @)

At the core of DilLL:

Laplace transform turns costructural rules into structural ones.

LW)=w 2(€) =c 2(d) =d

14



Laplace and semiring

= |n DilL:
£ o L u
= In graded DilL:
A = {[PO)(¥) | ¥ € 14} (parameters)
2 {P.f|fe?A} ="7pA (paramaters)

Q {¢| T €A, = Po}=1pA (solutions)

15



Going back to heaven

Two isomorphic semirings, and

PQ:=1|0|PRQ|P&Q|7+P|!,+P
NM=T|L|IN®M|N&M|?-N|l,-N
AB=N|P|A®B|A®B|ARB|A&B

The Laplace transform, orthogonal to the negation:

7p-A & 1A

woe,dp (OF] O+ wedp

2
!I+A — ?z+A

16



Polarized exponential rules

FT =102 = N, T = Y FT,N
FT,7%-N FT,7,—,-N FT,7, N
v & FIT,L,-N I—A,!y_N _ FI,N
0 FT,AlL, N FT,!,-N
FT,?2,-N z= <y FD,0,-N = <y~ _
FI,7._N dr FT,! _N dr
Yy vty T
F2x-N,Q ) FI_N,P 5
F 2y x-N, 1+ Q Flym o N, 7+ P

17



Polarized exponential rules

T w I—I‘,?sz,?y,N ET.N
FT,7-N FT,7,—,,-N FT,7,_N

W T, _N FAL-N FT,N

i ———3
Flo-N FT,A L L, N c FD,L-N

FI,7,-N z- <y~ i FL,L-N z- <y~
FI,7, N I FT,L _N

F7x-N,Q Fl,-N,P
7, x-N L+ Q Fl o N, 7,4 P

17



From codigging to copromotion

Analogy with the promotion:

THA
A I !!F}—BN p= D14 ¢

= The codigging rule:

B Na — 14

I 1 xm

bp =

= |t gives:

TAFB o

— 1 FIA B
7TAF?B = £

Restricted to one formula, because of the binarity of ¢

18



A simple cut elimination

Negative connectives cannot interact together

Only two rules with positive connectives: p and p

l.+A in p — interacts with structural rules

7.+ A in p — interacts with costructural rules

p and costructural rules is very similar to p and structural rules

No interaction between p and p

We simply use the cut elimination of LL, and an easy translation:

Theorem
The logic DIDILL enjoys a cut elimination procedure.

19



Algebraic conditions on the semiring

—{ Definition

A weak semiring is a tuple (S, +, X, 0, 1) which satisfies:
= + is commutative (c and c), 0 neutral element;
= X is associative (p and p);
= right distributivity: (z + y)z = 2z + yz (p/c and p/c);
= 0 left absorbing: 0 X 2z =0 (p/w and p/w);
= 1 left neutral: 1 x z =z (p/d and p/d);

= X is right monotonous over <: z <y = 22z < yz (p/d; and
p/dr).

20



3. A model with differential
operators




A semiring of LPDO

Set of operators:

oled
D= ————
{ Z “ 81:?1...833?{"}
aeNm

Two operations:

DB Dy = D; 0 D Zaaﬁ‘lIZD:ZaaDo‘

Its Laplace transform:

X(Z e, 0%) = ZaaXfl ... X2 = polynomials

21



Kothe spaces (simplified)

Spaces of sequences: £ C RN

Based on an orthogonality:

E+ = {(an) eRY | Y(\,) € E, (Mpan) € 41}

A Kothe space: (X, Ex) with X CN, Ex CRX st. B+ = Ex

In our setting: X is totally ordered

X = (21, Tn,...) basis of the vector space

22



Kothe spaces and linear logic

s E —o F: the subset of RX*Y such that

Z M; jx;y; converges absolutely, z € Ex,y’ € Ff
0,

X x Y is lexicographically ordered

= Similar constructions for all LL connectives
For the exponential:

= The basis is the set of finite multisets of X
= ForzcE, z, = I,z and |E = {z' | z € B}

= Order: sizes of the multisets, and weighted lexicographical order

It corresponds to the dual of the set of scalar entire maps

23



Mixing Kothe spaces and LPDO

Forz € E, x =), \;jz;. We define

Z Qo H A

aeNw
WE=P-(7E) & 13E=P)(E)
w,c,d, i l (_)Ll w, ¢, d
BE=P 1. (E) % ?E=P0)(?E)

The exponential rules are interpreted as in DilLL
The promotion corresponds to the composition

(P-1)e(@Q-g)=(PRQ)-(fog)

24



An second model, with a codigging

At the origin of the codigging: Fy and Gy

= Spaces of functions with a growth controlled by ¢ (Young function)
= Laplace transforms 6 in its convex conjugate
= Natural operations on the set of 8, which is a weak semiring

= |t gives a model of our logic, with copromotion

25



Conclusion

We have a syntax which is:

= Graded, polarized, with promotion, copromotion and a cut
elimination

= A model with differential operators based on Kothe spaces

= A model with a copromotion based on Fy

26



Conclusion

We have a syntax which is:

= Graded, polarized, with promotion, copromotion and a cut
elimination
= A model with differential operators based on Kothe spaces

= A model with a copromotion based on Fy
What we want to do next:

= Study what happens in hell
= A model with differential operators and copromotion

= The categorical model

Thank you!

26
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