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0. Introduction of myself

Name: Ulrich Stadtmiiller, called Uli
Position: Retired Professor from Ulm University

Ulrich Stadtmiiller, U/m University[2mm] jOInt WOrK V  Remarks on the Elephant Random Walk



0. Introduction of myself

Name: Ulrich Stadtmiiller, called Uli
Position: Retired Professor from Ulm University

Where is Ulnr17 P .
1 i 1 ~ "
ag;brucken 'k _Heilbronn 7 '1 l| L) \._\
” M, Karlsruhe % [ S._Regensburg "\
/. 0. Pforzhelm ’ \ =Q |
O /" Ingolstadt b S
(/0 Baden- mStuttgart { o) Y
gy % Da LS : ~Pass
;bourgof i \ 1 \ g Q"'
,' / TEbIngen Heutllngen O - S AW ‘O /| £ j
f’ uim|  Augstur BB
,r \ Slgmanngen o 9 .Munchen e
@) ' 9 - ./ NMunich) <
l
\ g \_Roserhejim  Salzbur
j Freiourg Slﬂgen Kempten / QL AP % g
o ¥ ".1'-9, Konstanz \ [ )
B N Lm0l Garmisch- wi,..%s‘r’(_:hl‘as m"
Q? Ly E'prtenhrchd’fw _._...r- .:‘

~~ Basel OZurich PN Y RSP

A N AlJSTRIA

Ulrich Stadtmiiller, U/m University[2mm] jOInt WOrK V  Remarks on the Elephant Random Walk



0. Introduction of myself

Name: Ulrich Stadtmiiller, called Uli
Position: Retired Professor from Ulm University

Where is Ulnr17 P .
1 i 1 ~ "
ag;brucken 'k _Heilbronn 7 '1 l| L) \._\
” M, Karlsruhe % [ S._Regensburg "\
/. 0. Pforzhelm ’ \ =Q |
O /" Ingolstadt b S
(/0 Baden- mStuttgart { o) Y
gy % Da LS : ~Pass
;bourgof i \ 1 \ g Q"'
,' / TEbIngen Heutllngen O - S AW ‘O /| £ j
f’ uim|  Augstur BB
,r \ Slgmanngen o 9 .Munchen e
@) ' 9 - ./ NMunich) <
l
\ g \_Roserhejim  Salzbur
j Freiourg Slﬂgen Kempten / QL AP % g
o ¥ ".1'-9, Konstanz \ [ )
B N Lm0l Garmisch- wi,..%s‘r’(_:hl‘as m"
Q? Ly E'prtenhrchd’fw _._...r- .:‘

~~ Basel OZurich PN Y RSP

A N AlJSTRIA

Ulrich Stadtmiiller, U/m University[2mm] jOInt WOrK V  Remarks on the Elephant Random Walk



0. Introduction of myself

Ulm is a midsize city lying at the Danube with a gothic cathedral
with the highest church spire in the world
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0. Introduction of myself

Ulm University, founded in 1967 with

Departments: Medicine, Natural Sciences, Electrical Engineering,
Computer Science and Psychology, Mathematics & Management
Sciences
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1.The classical random walk

One of the starting points of Probability was the classical random
walk where

Xk = £1 with Prob. p and 1 — p resp. for k > 1 (with p € (0,1))
are independent random variables

Their partial sums are denoted by S, =>"]_; Xk for n > 1.

The classical limit theorems where proven

WLN & SLN

S :
= L E(X1)=2p—1 asn— oo in Prob. ora.s.
n

CLT
Sp—n(2p—1)

Vn

d
— N074p(1—p) as n — o0.
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1.The classical random walk

LIL

So—np—1)  asy )

lim sup(lim inf)
n—)oop( n—00 \/8p (2p — 1)nloglogn

Furthermore Invavriance Principles, Level Crossings etc.
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The ERW with basic results

There are many different models to generalize the simple situation
of an ordinary random walk, e.g.:

i) Random walks in a random enviroment (RWRE)
ii) Random walks with certain dependence structures:
e.g., The Elephant Random Walk (ERW)

An elephant is known to have a long memory, so for an ERW the
step at time n depends on the whole past.
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The ERW with basic results

There are many different models to generalize the simple situation
of an ordinary random walk, e.g.:

i) Random walks in a random enviroment (RWRE)
ii) Random walks with certain dependence structures:
e.g., The Elephant Random Walk (ERW)

An elephant is known to have a long memory, so for an ERW the
step at time n depends on the whole past.

Belongs to the family of reinforced random processes.
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The ERW with basic results

For the elephant random walk X; ~ 2B, , —1, (p € (0,1)) as
before and then for n > 1 inductively

X +Xk, with probability p,
") Z Xk, with probability 1 — p,

where K is again a random variable being uniformly distributed on
{1,...,n} and being independent of G, = o(X1,...,Xy,).

Sy denote the partial sums again.
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The ERW with basic results

Name, because the memory of an Elephant is known to be long
ranging.
i) Not a Markovian process.

ii) Can as well be formulated as an urn model
iii)

Ein | G = (e Xt -2 (X0 ) = 2o - 1)
k=1 k=1

n n

and hence we get
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The ERW with basic results

+2p—1
E(Sn11Gn) = Sn+ E(Xpi1 [ Gr) = *— 7= 5, = 1S,
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The ERW with basic results

E(5n+1 |gn) =Sp+ E(Xn+1 |gn) =—5, = ’VnSn-

Then with

ll - |(2p)'|(”)
a 1 -7 7 n>1
’ k—17k F(n+2p—1)’ 7

we find that (M,) = (a, S,) is a martingale.
( Coletti et al. (2017), Bercu (2018), see also C.Heyde (2004) )

and we can use martingale theory.

Note that a, ~ '(2p) n?*~1, n — co.
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The ERW with basic results

We may write

M, = Z akek with e = (Sk — Yk—15k—1)
k=1
and we find

E(€%+1‘gn) =1- (2P - 1)2(5n/”)2 <1

implying < My >=3"}_1 agE (e [G-1) = Xk ak -
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The ERW with basic results

For the asymptotic behavior of (M) the quantity v, = Y7 _; a2 is
essential and

5 nl—2(2p—1)

~ (T(2p))* 5=, forp < 3/4
Vnq ~ 7logn, for p=3/4
— C, for p > 3/4

one obtains by well-known results for martingales for M,, and then
for S,
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The ERW with basic results

Theorem (Bercu (2018))
(a) For p < 3/4 (diffusive scheme)),

(b) For p=3/4 (critical scheme),

S s S d
T % and ——=—— 5 Np1, as n — oo.
/nlogn

vnlogn
(c) For p > 3/4 (superdiffusive scheme),

n
n2p—1

a.s.
= L, asn— oo,

where L is a non-degenerate random variable.
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2.a Remembering only the distant past
2.b Remembering only the recent past

2. Variations of the memor 3 3
ariations of the memory 2.c Remembering only the first and last past

and

(LIL) For p < 3/4

1 ~1
(\/3—4/3

0

lim sup(lim inf) o — e — 1) B

n—soo - 10"\ /8p(2p —1)nloglogn V3—4p )

and more.
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2.a Remembering only the distant past
2.b Remembering only the recent past

2. Variations of the memor 3 3
ariations of the memory 2.c Remembering only the first and last past

There were simulation papers dealing with partial memory of the
elephant. People in Physics asked what happens for different
memories? When is there such a dichotomy?

Ulrich Stadtmiiller, U/m University[2mm] jOInt WOrK V  Remarks on the Elephant Random Walk



2.a Remembenn g only the distant past
nly the recent past
2.c Remembering only the first and last past

2. Variations of the memory

There were simulation papers dealing with partial memory of the
elephant. People in Physics asked what happens for different
memories? When is there such a dichotomy?

We now deal with a partial memory of the elephant described by
Fn=0(Xj, j € ly) for some memory subset I, C {1,...,n} of the
elephant. Then,

E(Xn+1|fn) = p- Z‘/’ Z’/’

i€ly
¢
= (2p - 1) . 7216& I7
|/n]

Remember: |/, is the set of indices describing the memory
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2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the first and last past

2. Variations of the memory

Now, assume m € N is fixed and
Ih={1,..,n}forn=1,...m and I,={1,...,m} form<n

The process (S,) has neither a martingale nor a Markovian structure, but
one can prove the following (here m = 2).
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2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the first and last past

2. Variations of the memory

Now, assume m € N is fixed and
Ih={1,..,n}forn=1,...m and I,={1,...,m} form<n

The process (S,) has neither a martingale nor a Markovian structure, but
one can prove the following (here m = 2).

la) Asn — o

2p —1, with probability p?,

Sn
(a) - LN 0, with probability 1 —p,
—(2p —1), with probability p(1 — p),
(b) E(Sn/n) — p(2p — 1) and

Var(S,/n) — p(1 — p)(2p — 1)?(4p* + 1).
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2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the first and last past

2. Variations of the memory

Or using random centering:

1b) Asn — o

(a)

S, — n(2p 1) (Xl =F Xg)/z d
V/n

Sp—n(2p—1) (X1 + X2)/2 as.

— p-Noapa—p)+(1=p)-Noi;

(b) : 25 0,
Sn—n(2p —1) (X1 + X2)/2 as
(c) I|rr1‘n_)soLc|>p(I|m|nf) \/m 202 25 ()a(X1, Xa)

where

O‘(Xl,Xg) = {

4p(l —p), forwe {we: X(w)-  Xo(w) =1},

, otherwise.
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2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the first and last past

2. Variations of the memory

For general m € N

Ic) Let qi = P(Sm = m — 2k), r = ((m — k)p+ k(L — p))/m,
and px = (m —2k)(2p —1)/m, where 0 < k < m and m € N, then

m
Sn d
— = E QkOp, as n — oo,
n
k=0

and
m

Sp—n(2p—1)Sm/m 4
K \/ﬁ i — kZ_O 9k N0,4rk(17rk) n— oo.
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2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the first and last past

2. Variations of the memory

For general m € N

Ic) Let qi = P(Sm = m — 2k), r = ((m — k)p+ k(L — p))/m,
and px = (m —2k)(2p —1)/m, where 0 < k < m and m € N, then

Sn d

— = E QkOp, as n — oo,

n
k=0

and

m

S,—n(2p—1)S,,/m
2 ( P ) I‘H/ i Z Ak N0,4rk(17rk) n — oo.
k=0

Jn

Question: What about m = m, — oo s.t. m,/n— 07
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2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the first and last past

(a) If 0 < p < 3/4, then
Suy/Tn 4

2. Variations of the memory

—>N0(2p 1)2/(3—4p) s asn— oo.

(b) If p=23/4, then

S, \/m,,/logm,7

—>N01/4, asn— oo.

(c) If 3/4 < p <1, then

5 mn(l p)

—(2p—-1)L, asn— oo,

where the random variable L is the same as in Theorem above.

Ulrich Stadtmiiller, U/m University[2mm] jOInt WOFrK V  Remarks on the Elephant Random Walk



2.a Remembering only the distant past
2.b Remembering only the recent past

2. Variations of the memor 3 3
ariations of the memory 2.c Remembering only the first and last past

Remark If p =1/2, we recall that the ERW reduces to

. ) d
coin-tossing, hence, S,/+/n — Ny 1 as n — co.Note also that
Theorem part (a) reduces to S, /m,/n — 0 as n — oo in that case.
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2.a Remembering only the distant past
2.b Remembering only the recent past

2. Variations of the memor 3 3
ariations of the memory 2.c Remembering only the first and last past

Remark If p =1/2, we recall that the ERW reduces to

. ) d
coin-tossing, hence, S,/+/n — Ny 1 as n — co.Note also that
Theorem part (a) reduces to S, /m,/n — 0 as n — oo in that case.

What happens if m,/n — c € [0,1]7
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2.a Remembering only the distant past
2.b Remembering only the recent past

2. Variations of the memor 3 3
ariations of the memory 2.c Remembering only the first and last past

Rafik Aguech and El Machkouri (2024) showed that there is
asymptotic normality with variance

where p=c+ (1 —c)(2p —1).
Also the other cases are treated. in p > 3/4
ml2'l(1_p) Sp as.

- = (c+(1—-c)2p—-1)L.
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2.a Remembering only the distant past
2.b Remembering only the recent past

2. Variations of the memor 3 3
ariations of the memory 2.c Remembering only the first and last past

Rafik Aguech and El Machkouri (2024) showed that there is
asymptotic normality with variance

e

C:3—4p

S
N

+c(l—-c),

where p=c+ (1 —c)(2p —1).
Also the other cases are treated. in p > 3/4

ml2'l(1_p) Sn as.

= (c+(1—-c)2p—-1)L.

n

Again Rafik in 2024 considered the more general case

Sn = p_1 X«Zk, where (Z) are iid random variables independent

from the rest and showed asymptotic normality.
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2.a Remembering only the distant past
2.b Remembering only the recent past

2. Variations of the memor 3 3
ariations of the memory 2.c Remembering only the first and last past

For the case of nonuniform distribution of K, see Laulin (2022),
Majumdar & Maulik (2025).

E.g., Laulin uses P(K = k) = % with 8 > 0 and shows
4543

among other results in the diffusive case p < 3G+

Sn

d
——>./\/'OU?3 as n — oo

vn

2 _ B+l
where o = (l,p)(1+2,372(27371)(,8+1)) '
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2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the first and last past

2. Variations of the memory

More realistic, the elephant remembers the last m steps, e.g.,
m = 2. Now assume that for n > 3 we have I, = {n —1,n}.
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2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the first and last past

2. Variations of the memory

More realistic, the elephant remembers the last m steps, e.g.,
m = 2. Now assume that for n > 3 we have I, = {n —1,n}.

Now we have a recurrent Markov chain (X,) with finite state space
of order 2 and we can apply results for Markov chains.

for p € (0,1) we have as n — oo

& 220 and Sn £>N071.

n 02\/5

(2p—1)(5—2p)
2(1-p)(3—2p)

where cr% =14
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2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the first and last past

2. Variations of the memory

If the elephant remembers the last m steps then we have again
asymptotic normality with variance

5 m—1+4+2p

om = o1 = p)(2(1— p)ym+2p— 1)

see Ben Ari et al. (2021)

Ulrich Stadtmiiller, U/m University[2mm] jOInt WOrK V  Remarks on the Elephant Random Walk



2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the first and last past

2. Variations of the memory

If the elephant remembers the last m steps then we have again
asymptotic normality with variance

5 m—1+4+2p

om = o1 = p)(2(1— p)ym+2p— 1)

see Ben Ari et al. (2021)
As m — oo we have 02 — ﬁ (being different from the
classical ERW).
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2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the first and last past

2. Variations of the memory

If the elephant remembers the last m steps then we have again
asymptotic normality with variance

2 m—1+4+2p

om = o1 = p)(2(1— p)ym+2p— 1)

see Ben Ari et al. (2021)
As m — oo we have 02 — ﬁ (being different from the
classical ERW).

How to proof limit results if m = m, — o?
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2.a Remembering only the distant past
2.b Remembering only the recent past

2. Variations of the memory 2.c Remembering only the first and last past

Here we suppose for n > 2 that I, = {1, n}.

We have as n — oo

2p—1 : .
& d o _ 3'172p, with probability p,
n §P L with probability 1 — p,

Moreover, E(S,/n)" — E(S") for all r > 0.
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2.a Remembering only the distant past
2.b Remembering only the recent past

2. Variations of the memory 2.c Remembering only the first and last past

And with random centering:

We have as n — oo

s _ p-1)X
n 3-2 d
2 = No 1.

02\/E ’
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2.a Remembering only the distant past
2.b Remembering only the recent past

2. Variations of the memory 2.c Remembering only the first and last past

The larger the memory, the more tedious are calculations of e.g.,
moments, typically one can use difference equations, as in the most
simple case. Let be given X; =1

E(Xo1) = E(E(Xos1|o{X1, Xa}) = (2p — 1) (E()Q)—;E(X"))
= (2p2 )( E(X,) +1) and thus
E(Xy) = ip:ml) +(p— 1/2)n—14§1‘2£)
and o1 81 p)
E(5) = n- rol).

3-2p  (3-2p)?
c . for higher moments
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2.a Remembering only the distant past
2.b Remembering only the recent past

2. Variations of the memory 2.c Remembering only the first and last past

The larger the memory, the more tedious are calculations of e.g.,
moments, typically one can use difference equations, as in the most
simple case. Let be given X; =1

E(Xo1) = E(E(Xos1|o{X1, Xa}) = (2p — 1) (E()Q)—;E(X"))
= (2p2 )( E(X,) +1) and thus
E(Xy) = ip:ml) +(p— 1/2)n—14§1‘2£)
and o1 81 p)
E(5) = n- rol).

3-2p (3-2p)?
c . for higher moments

The order of the difference equations increase with moments and the size

of the memory.
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3. Zeros - and level crossings

Assume p < 3/4 How long do we have to wait till the first passage
through zero 7o = inf{j > 1 : 5; =0}7
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3. Zeros - and level crossings

Assume p < 3/4 How long do we have to wait till the first passage
through zero 7o = inf{j > 1 : 5; =0}7

What about the number of zeros Z(n) = ‘{1 <j<n:§ = 0}‘?
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3. Zeros - and level crossings

Assume p < 3/4 How long do we have to wait till the first passage
through zero 7o = inf{j > 1 : 5; =0}7

What about the number of zeros Z(n) = ‘{1 <j<n:§ = 0}‘?

Theorem (Bertoin (2022))

i) P(10 > n) ~ ¢,n*=3/% and E(ry) < oo iff p < 1/4,

i) Z(n)/\/n %V with a nondegenerate rv V.

Remark i) The distribution of 7g is heavy tailed.

ii) Compare to Markov chain with finite state space.
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3. Zeros - and level crossings

The basis for the proof is a Brownian embedding:

Notations
M (n) = apn4kSnik is a binary splitting martingale given S, =0

Then one can construct an increasing sequence ( Ty ), n > 1 such
that for fixed k

the sequences (M (n)) and (B(Tk,n)) have the same law.

Finally we can relate the zeros as

{n>0: M(n)=0}={n>0: B(Tx,=0)}.
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3. Zeros - and level crossings

Consider possible asymptotics for the first passage times

Th=min{k e N: S >n} =min{k: Sy =n}, n>1
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3. Zeros - and level crossings

Consider possible asymptotics for the first passage times
Th=min{k € N: S5 >n} =min{k: Sy =n}, n>1.

A first observation is that the stopping times are not proper
random variables in the superdiffusive case.
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3. Zeros - and level crossings

Consider possible asymptotics for the first passage times
Th=min{k € N: S5 >n} =min{k: Sy =n}, n>1.

A first observation is that the stopping times are not proper
random variables in the superdiffusive case.
If 7, would be finite a.s. for a subsequence n, oo, then, as

7ﬁk/7‘007

Sﬁk Nk as.
= —— — Las k = 0.
2p—1 2p—1
Thy Thy
However, since E(S,/n?P~1 | Xy = —1) ~ —% as n— oo, L

cannot be a positive random variable, thus yielding a contradiction.
Hence, 7,, = oo for all k > kg on a set of positive measure, which
implies that 7, = oo for all n > kg there.
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3. Zeros - and level crossings

In the diffusive case we obtain strong laws and almost sure bounds.

nlog |
(i) For0 < p<3/4, lim inf 7708 81

3—4p
n—o00 n2 - 2

.. . . .Tnlognlogloglogn _ 1

= > —

(ii) For p=3/4, Ilnnlloréf p 25
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3. Zeros - and level crossings

i) For 0 < p < 3/4 it follows, in particular, that E 22 50 and,
(i) p< p

hence, that ( ") 5 50 as n— oco. This might be interpreted as a
negative renewal theorem, in that the almost sure limit equals
1/p < oo for random walks with positive mean p.
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3. Zeros - and level crossings

i) For 0 < p < 3/4 it follows, in particular, that E 22 50 and,
(i) p< p

hence, that ( ") 5 50 as n— oco. This might be interpreted as a
negative renewal theorem, in that the almost sure limit equals

1/p < oo for random walks with positive mean p.

(ii) For 3/4 < p <1 the LLN for S, does not imply an LLN for 7,.
However, for

7, = min{k : |Sk| = n} we have

ey LT 0 o o0,
n
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3. Zeros - and level crossings
4 t

Distributional convergence

(i) For 0 < p < 3/4, P(% < x> LA Gp(x) as n — oo, where

L max (2P IW(4)) > 1)

Gp(X) - P( 3 — 4p o<t<x

- p( max {t(zp—l)/(3—4p>W(t)} > 3—4p>‘

0<t<1 X
(ii) For p=3/4,
I
P<T" EEl x> LA 2(1 —/\/0,1(1/\/?()) as n — oo.

n2
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3. Zeros - and level crossings

Rem.: E(7,) = oo for p € [1/4,3/4).
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3. Zeros - and level crossings

Rem.: E(7,) = oo for p € [1/4,3/4).

What about different memories, e.g., I, = {n}

Here we have

P 4 5(1/2,1/2) n— o

(L—p)n

where S(1/2,1/2) is the distribution of 1/x3.
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Bernoulli ERW’s
Behavior of S,

4. Random walks with stops

Now stops are permitted, that is, we assume that our basic random
variable follows
+1, with probability p,
X1 =< —1, with probability g,
0, with probability r=1—p—gq

and

+ Xk, with probability p,
Xnt1 = { —Xk, with probability g
0, with probability r=1—p—g¢g

That means the random walk stops from time to time and then
goes on but with a slightly different dynamic.
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Bernoulli ERW’s

Behavior of S,

4. Random walks with stops

Then we may ask: How many zeros do occur, i.e,
Nop =3 k1 Iix,—0y =7 or Ny =n— N, =?

Here we have .
N _n- N, as v

nl—r nl—r

with some positive random variable Y having moments

1

E(Y) = it

1
ﬁ and Var(Y) = dr —

Rem.: Related results we obtain for different memories.
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Bernoulli ERW’s
Behavior of S,

4. Random walks with stops

Now, the limit distributions for S,, are quite different.

We have to normalize by the number of the nonzero contributions
in the walk: N

For that we can consider a so-called Bernoulli ERW T, = >_" Y4,
where with K as before

+ Yk, with probability 1 — r,
Yn+1 = . .-
0, with probability r,

Now we need to define the Mittag—Leffler distributions ML, which
for 0 < a < 1 is the distribution with moment generating function
Ma(t) =3 55 t"/T(1+ na)
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Bernoulli ERW’s
Behavior of S,

4. Random walks with stops

For0 < r <1 we have as n — o0

P(<nz—fr < X> — (1 — r)MLy—,(x) + rdo(x) .

Wen can also deal with different memories, e.g., I, = {1, n} then

As n — oo we have for x € R

5o — 2 1{X: = 1}
NG

< x| = PNoop2(x) + (1 = p) do(x).
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Bernoulli ERW’s
Behavior of S,

4. Random walks with stops

Now S,/+/N: is asymptotically normal and by a result of Heyde
(2004) we come to

dw
F, 2@ 2 MLy (dv
o / / V2mo? 1-r(dv),

as multipicative convolution.
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Bernoulli ERW’s
Behavior of S,

4. Random walks with stops

Then we get

(a) For p< %(1 —r) and 0> =1/(3(1 —r) — 4p),

P( S: < x) LN (1= r)F, 52(x) + rdo(x) as n — oo.
n —r

Furthermore
Sn

nl—r

(b) For 3(1 —r) < p <1 we have

a.s.
— 0 asn— oo.

Sn as
W éi_s) L(][{Xlzl} - ]I{X:l:—l})-
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Bernoulli ERW’s
Behavior of S,

4. Random walks with stops

Let us come back to a restricted memory. What happens if we
remember only I, ={n—¥¢,n—¢+1,...,n} ({=0,1,2,...) with
the process?
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Bernoulli ERW’s
Behavior of S,

4. Random walks with stops

Let us come back to a restricted memory. What happens if we
remember only I, ={n—¥¢,n—¢+1,...,n} ({=0,1,2,...) with
the process?

Then the process stops with £ + 1 zeros, after time 74 with the
total sum S..
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Bernoulli ERW’s
Behavior of S,

4. Random walks with stops

Let us come back to a restricted memory. What happens if we
remember only I, ={n—¥¢,n—¢+1,...,n} ({=0,1,2,...) with
the process?

Then the process stops with £ + 1 zeros, after time 74 with the
total sum S..

If £ =0 then 7, S are geometric with mean 1/r and (1 — r)/r resp.
If £ =1 then E(7) = W and E(S) = w7

4r(14r)
2 4
If £ =2 then E(r) = 82303r-30r -5 77
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Thank very much you for your attention!
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