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Ulm is a midsize city lying at the Danube with a gothic cathedral

with the highest church spire in the world
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Ulm University, founded in 1967 with

Departments: Medicine, Natural Sciences, Electrical Engineering,

Computer Science and Psychology, Mathematics & Management

Sciences

Excellency Cluster in Battery Research
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One of the starting points of Probability was the classical random

walk where

Xk = ±1 with Prob. p and 1− p resp. for k ≥ 1 (with p ∈ (0, 1))
are independent random variables

Their partial sums are denoted by Sn =
∑n

k=1
Xk for n ≥ 1.

The classical limit theorems where proven

WLN & SLN

Sn
n

→ E (X1) = 2p − 1 as n → ∞ in Prob. or a.s.

CLT
Sn − n(2p − 1)√

n

d→ N0,4p(1−p) as n → ∞.
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LIL

lim sup
n→∞

(lim inf
n→∞

)
Sn − n(2p − 1)√

8p(2p − 1)n log log n

a.s.
= 1(−1).

Furthermore Invavriance Principles, Level Crossings etc.
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There are many di�erent models to generalize the simple situation

of an ordinary random walk, e.g.:

i) Random walks in a random enviroment (RWRE)

ii) Random walks with certain dependence structures:

e.g., The Elephant Random Walk (ERW)

An elephant is known to have a long memory, so for an ERW the

step at time n depends on the whole past.

Belongs to the family of reinforced random processes.

Ulrich Stadtmüller, Ulm University[2mm] joint work with Allan Gut, University of UppsalaRemarks on the Elephant Random Walk



Outline
0. Introduction of myself

1.The classical random walk
The ERW with basic results
2. Variations of the memory
3. Zeros - and level crossings
4. Random walks with stops

Some Literature, related to the talk

There are many di�erent models to generalize the simple situation

of an ordinary random walk, e.g.:

i) Random walks in a random enviroment (RWRE)

ii) Random walks with certain dependence structures:

e.g., The Elephant Random Walk (ERW)

An elephant is known to have a long memory, so for an ERW the

step at time n depends on the whole past.

Belongs to the family of reinforced random processes.

Ulrich Stadtmüller, Ulm University[2mm] joint work with Allan Gut, University of UppsalaRemarks on the Elephant Random Walk



Outline
0. Introduction of myself

1.The classical random walk
The ERW with basic results
2. Variations of the memory
3. Zeros - and level crossings
4. Random walks with stops

Some Literature, related to the talk

For the elephant random walk X1 ∼ 2B1,p − 1 , (p ∈ (0, 1)) as
before and then for n ≥ 1 inductively

Xn+1 =

{
+XK , with probability p,

−XK , with probability 1− p,

where K is again a random variable being uniformly distributed on

{1, . . . , n} and being independent of Gn = σ(X1, . . . ,Xn) .

Sn denote the partial sums again.
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Rem.:
0)

Name, because the memory of an Elephant is known to be long

ranging.

i) Not a Markovian process.

ii) Can as well be formulated as an urn model

iii)

E (Xn+1

∣∣ Gn) =
1

n

(
p

n∑
k=1

Xk + (1− p)
n∑

k=1

(−Xk)

)
= (2p − 1)

Sn
n

and hence we get

Ulrich Stadtmüller, Ulm University[2mm] joint work with Allan Gut, University of UppsalaRemarks on the Elephant Random Walk
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E (Sn+1 | Gn) = Sn + E (Xn+1 | Gn) =
n + 2p − 1

n
Sn =: γnSn .

Then with

an =
n−1∏
k=1

γ−1

k =
Γ(2p) · Γ(n)
Γ(n + 2p − 1)

, n ≥ 1,

we �nd that (Mn) = (an Sn) is a martingale.

( Coletti et al. (2017), Bercu (2018), see also C.Heyde (2004) )

and we can use martingale theory.

Note that an ∼ Γ(2p) n2p−1 , n → ∞ .
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We may write

Mn =
n∑

k=1

akεk with εk = (Sk − γk−1Sk−1)

and we �nd

E (ε2n+1|Gn) = 1− (2p − 1)2(Sn/n)
2 ≤ 1

implying < Mn >=
∑n

k=1
a2kE (ε

2

k |Gk−1) ≈
∑n

k=1
a2k .
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For the asymptotic behavior of (Mn) the quantity νn =
∑n

k=1
a2k is

essential and

νn


∼ (Γ(2p))2 n

1−2(2p−1)

3−4p , forp < 3/4

∼ π
4
log n, for p = 3/4

→ C , for p > 3/4

one obtains by well-known results for martingales for Mn and then

for Sn

Ulrich Stadtmüller, Ulm University[2mm] joint work with Allan Gut, University of UppsalaRemarks on the Elephant Random Walk



Outline
0. Introduction of myself

1.The classical random walk
The ERW with basic results
2. Variations of the memory
3. Zeros - and level crossings
4. Random walks with stops

Some Literature, related to the talk

Theorem (Bercu (2018))

(a) For p < 3/4 (di�usive scheme)),

Sn
n

a.s.→ 0 and
Sn√
n

d→ N
0, 1

3−4p
, as n → ∞.

(b) For p = 3/4 (critical scheme),

Sn√
n log n

a.s.→ 0 and
Sn√
n log n

d→ N0,1 , as n → ∞.

(c) For p > 3/4 (superdi�usive scheme),
Sn

n2p−1

a.s.→ L , as n → ∞,

where L is a non-degenerate random variable.
Ulrich Stadtmüller, Ulm University[2mm] joint work with Allan Gut, University of UppsalaRemarks on the Elephant Random Walk
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2.a Remembering only the distant past
2.b Remembering only the recent past
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and

Theorem

(LIL) For p < 3/4

lim sup
n→∞

(lim inf
n→∞

)
Sn − n(2p − 1)√

8p(2p − 1)n log log n

a.s.
=

1√
3− 4p

(
−1√
3− 4p

).

and more.
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2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the �rst and last past

There were simulation papers dealing with partial memory of the

elephant. People in Physics asked what happens for di�erent

memories? When is there such a dichotomy?

We now deal with a partial memory of the elephant described by

Fn = σ(Xj , j ∈ In) for some memory subset In ⊂ {1, . . . , n} of the

elephant. Then,

E (Xn+1 | Fn) = p ·
∑
i∈In

1

|In|
Xi + (1− p) ·

∑
i∈In

1

|In|
(−Xi )

= (2p − 1) ·
∑

i∈In Xi

|In|
,

Remember: In is the set of indices describing the memory
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2.a Remembering only the distant past
2.b Remembering only the recent past
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Now, assume m ∈ N is �xed and

In = {1, ..., n} for n = 1, . . .m and In = {1, . . . ,m} for m < n

The process (Sn) has neither a martingale nor a Markovian structure, but

one can prove the following (here m = 2).

Theorem

1a) As n → ∞

(a)
Sn
n

d→


2p − 1, with probability p2,

0, with probability 1− p,

−(2p − 1), with probability p(1− p),

;

(b) E (Sn/n) → p(2p − 1)2 and

Var(Sn/n) → p(1− p)(2p − 1)2
(
4p2 + 1

)
.
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2.a Remembering only the distant past
2.b Remembering only the recent past
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Or using random centering:

Theorem

1b) As n → ∞

(a)
Sn − n(2p − 1) (X1 + X2)/2√

n

d→ p ·N0,4p(1−p)+(1−p) ·N0,1;

(b)
Sn − n(2p − 1) (X1 + X2)/2

n
a.s.→ 0 ;

(c) lim sup
n→∞

(lim inf
n→∞

)
Sn − n(2p − 1) (X1 + X2)/2√

2n log log n

a.s.
= (−)σ(X1,X2)

where

σ(X1,X2) =

{
4p(1− p) , for ω ∈ {ω ∈ Ω : X1(ω) · X2(ω) = 1},
0 , otherwise.
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2.a Remembering only the distant past
2.b Remembering only the recent past
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For general m ∈ N

Theorem

1c) Let qk = P(Sm = m − 2k), rk =
(
(m − k)p + k(1− p)

)
/m,

and pk = (m− 2k)(2p − 1)/m, where 0 ≤ k ≤ m and m ∈ N, then

Sn
n

d→
m∑

k=0

qkδpk as n → ∞,

and

Sn − n(2p − 1)Sm/m√
n

d→
m∑

k=0

qk N0,4rk (1−rk ) n → ∞.

Question: What about m = mn → ∞ s.t. mn/n → 0 ?
Ulrich Stadtmüller, Ulm University[2mm] joint work with Allan Gut, University of UppsalaRemarks on the Elephant Random Walk
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Theorem

(a) If 0 < p < 3/4, then

Sn
√
mn

n
d→ N0,(2p−1)2/(3−4p) , as n → ∞ .

(b) If p = 3/4, then

Sn
√
mn/ logmn

n
d→ N0,1/4 , as n → ∞ .

(c) If 3/4 < p < 1, then

Snm
2(1−p)
n

n
d→ (2p − 1) L , as n → ∞ ,

where the random variable L is the same as in Theorem above.
-
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2.a Remembering only the distant past
2.b Remembering only the recent past
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Remark If p = 1/2, we recall that the ERW reduces to

coin-tossing, hence, Sn/
√
n

d→ N0,1 as n → ∞.Note also that

Theorem part (a) reduces to Sn
√
mn/n → 0 as n → ∞ in that case.

What happens if mn/n → c ∈ [0, 1]?
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2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the �rst and last past

Ra�k Aguech and El Machkouri (2024) showed that there is

asymptotic normality with variance

σ2c =
ρ2

3− 4p
+ c(1− c) ,

where ρ = c + (1− c)(2p − 1).

Also the other cases are treated. in p > 3/4

m
2(1−p)
n Sn

n
a.s.→ (c + (1− c)(2p − 1) L .

Again Ra�k in 2024 considered the more general case

S̃n =
∑n

k=1
XkZk , where (Zk) are iid random variables independent

from the rest and showed asymptotic normality.
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For the case of nonuniform distribution of K , see Laulin (2022),

Majumdar & Maulik (2025).

E.g., Laulin uses P(K = k) = Γ(n+β)
Γ(n)Γ(β) with β ≥ 0 and shows

among other results in the di�usive case p < 4β+3

4(β+1)

Sn√
n

d→ N
0,σ2β

as n → ∞

where σ2β = β+1−p
(1−p)(1+2β−2(2p−1)(β+1)) .
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2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the �rst and last past

More realistic, the elephant remembers the last m steps, e.g.,

m = 2 . Now assume that for n ≥ 3 we have In = {n − 1, n} .

Now we have a recurrent Markov chain (Xn) with �nite state space

of order 2 and we can apply results for Markov chains.

Theorem

for p ∈ (0, 1) we have as n → ∞

Sn
n

a.s.→ 0 and
Sn

σ2
√
n

d→ N0,1 .

where σ2
2
= 1+ (2p−1)(5−2p)

2(1−p)(3−2p) .
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Rem.:

If the elephant remembers the last m steps then we have again

asymptotic normality with variance

σ2m =
m − 1+ 2p

2(1− p)
(
2(1− p)m + 2p − 1

)
see Ben Ari et al. (2021)

As m → ∞ we have σ2v → 1

4(1−p)2
(being di�erent from the

classical ERW).

How to proof limit results if m = mn → ∞?
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2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the �rst and last past

Here we suppose for n ≥ 2 that In = {1, n}.

Theorem

We have as n → ∞

Sn
n

d→ S =


2p−1

3−2p , with probability p,

−2p−1

3−2p , with probability 1− p,
.

Moreover, E (Sn/n)
r → E (S r ) for all r > 0.
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And with random centering:

Theorem

We have as n → ∞

Sn − (2p−1)X1

3−2p n

σ2
√
n

d→ N0,1 .
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2.a Remembering only the distant past
2.b Remembering only the recent past
2.c Remembering only the �rst and last past

The larger the memory, the more tedious are calculations of e.g.,
moments, typically one can use di�erence equations, as in the most
simple case. Let be given X1 = 1

E (Xn+1) = E (E (Xn+1

∣∣σ{X1,Xn}) = (2p − 1)

(
E (X1) + E (Xn)

2

)
=

(2p − 1)

2

(
E (Xn) + 1) and thus

E (Xn) =
2p − 1

3− 2p
+ (p − 1/2)n−1

4(1− p)

3− 2p

and

E (Sn) = n · 2p − 1

3− 2p
+

8(1− p)

(3− 2p)2
+ o(1) .

etc . for higher moments

The order of the di�erence equations increase with moments and the size

of the memory.
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Assume p < 3/4 How long do we have to wait till the �rst passage

through zero τ0 = inf{j ≥ 1 : Sj = 0}?

What about the number of zeros Z (n) =
∣∣{1 ≤ j ≤ n : Sj = 0}

∣∣?

Theorem (Bertoin (2022))

i) P(τ0 > n) ∼ cpn
2p−3/2 and E (τ0) < ∞ i� p < 1/4 ,

ii) Z (n)/
√
n

d→ V with a nondegenerate rv V .

Remark i)The distribution of τ0 is heavy tailed.

ii) Compare to Markov chain with �nite state space.
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The basis for the proof is a Brownian embedding:

Notations

Mk(n) = an+kSn+k is a binary splitting martingale given Sk = 0

Then one can construct an increasing sequence (Tk,n), n ≥ 1 such

that for �xed k

the sequences (Mk(n)) and (B(Tk,n)) have the same law.

Finally we can relate the zeros as

{n ≥ 0 : Mk(n) = 0} = {n ≥ 0 : B(Tk,n = 0)}.
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Consider possible asymptotics for the �rst passage times

τn = min{k ∈ N : Sk ≥ n} = min{k : Sk = n}, n ≥ 1.

A �rst observation is that the stopping times are not proper

random variables in the superdi�usive case.

If τn would be �nite a.s. for a subsequence nk ↗ ∞, then, as

τnk ↗ ∞,
Sτnk
τ2p−1
nk

=
nk

τ2p−1
nk

a.s.→ L as k → ∞.

However, since E (Sn/n
2p−1 | X1 = −1) ∼ − 2p

Γ(2p) as n → ∞, L

cannot be a positive random variable, thus yielding a contradiction.

Hence, τnk = ∞ for all k ≥ k0 on a set of positive measure, which

implies that τn = ∞ for all n ≥ k0 there.
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In the di�usive case we obtain strong laws and almost sure bounds.

Theorem

(i) For 0 < p < 3/4, lim inf
n→∞

τn log log n

n2
≥ 3− 4p

2
a.s.

(ii) For p = 3/4, lim inf
n→∞

τn log n log log log n

n2
≥ 1

2
a.s.
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Rem.:

(i) For 0 < p ≤ 3/4 it follows, in particular, that τn
n

a.s.→ ∞ and,

hence, that E(τn)
n → ∞ as n → ∞. This might be interpreted as a

negative renewal theorem, in that the almost sure limit equals

1/µ < ∞ for random walks with positive mean µ.

(ii) For 3/4 < p < 1 the LLN for Sn does not imply an LLN for τn.
However, for

τ∗n = min{k : |Sk | = n} we have

τ∗n
n1/(2p−1)

a.s.→ |L|−1/(2p−1)n → ∞.
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Distributional convergence

Theorem

(i) For 0 < p < 3/4, P
( τn
n2

≤ x
)

d→ Gp(x) as n → ∞, where

Gp(x) = P
( 1√

3− 4p
max
0<t≤x

{t2p−1W (t3−4p)} ≥ 1
)

= P
(

max
0<t≤1

{
t(2p−1)/(3−4p)W (t)

}
≥
√

3− 4p

x

)
.

(ii) For p = 3/4,

P
(τn log n

n2
≤ x

)
d→ 2
(
1−N0,1(1/

√
x)
)
as n → ∞.

Ulrich Stadtmüller, Ulm University[2mm] joint work with Allan Gut, University of UppsalaRemarks on the Elephant Random Walk



Outline
0. Introduction of myself

1.The classical random walk
The ERW with basic results
2. Variations of the memory
3. Zeros - and level crossings
4. Random walks with stops

Some Literature, related to the talk

Rem.: E (τn) = ∞ for p ∈ [1/4, 3/4).

What about di�erent memories, e.g., In = {n}

Theorem

Here we have

p τn
(1− p)n2

d→ S(1/2, 1/2) n → ∞

where S(1/2, 1/2) is the distribution of 1/χ2

1
.
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Bernoulli ERW's
Behavior of Sn

Now stops are permitted, that is, we assume that our basic random

variable follows

X1 =


+1, with probability p,

−1, with probability q,

0 , with probability r = 1− p − q

and

Xn+1 =


+XK , with probability p,

−XK , with probability q

0 , with probability r = 1− p − q

That means the random walk stops from time to time and then

goes on but with a slightly di�erent dynamic.
Ulrich Stadtmüller, Ulm University[2mm] joint work with Allan Gut, University of UppsalaRemarks on the Elephant Random Walk



Outline
0. Introduction of myself

1.The classical random walk
The ERW with basic results
2. Variations of the memory
3. Zeros - and level crossings
4. Random walks with stops

Some Literature, related to the talk

Bernoulli ERW's
Behavior of Sn

Then we may ask: How many zeros do occur, i.e,

Nn =
∑n

k=1
1I{Xk=0} =? or N∗

n = n − Nn =?

Theorem

Here we have
N∗
n

n1−r
=

n − Nn

n1−r

a.s.→ Y

with some positive random variable Y having moments

E (Y ) =
1

Γ(1− r)
and Var(Y ) = dr −

1

Γ2(1− r)
.

Rem.: Related results we obtain for di�erent memories.
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Bernoulli ERW's
Behavior of Sn

Now, the limit distributions for Sn are quite di�erent.

We have to normalize by the number of the nonzero contributions

in the walk: N∗
n

For that we can consider a so-called Bernoulli ERW Tn =
∑n Yk ,

where with K as before

Yn+1 =

{
+YK , with probability 1− r ,

0, with probability r ,

Now we need to de�ne the Mittag�Le�er distributions MLα which

for 0 < α < 1 is the distribution with moment generating function

Mα(t) =
∑∞

n=0
tn/Γ(1+ nα)
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Bernoulli ERW's
Behavior of Sn

Theorem

For 0 < r < 1 we have as n → ∞

P(

(
Tn

n1−r
≤ x

)
→ (1− r)ML1−r (x) + rδ0(x) .

Wen can also deal with di�erent memories, e.g., In = {1, n} then

Theorem

As n → ∞ we have for x ∈ R

P

(
Sn − np

2−p1I{X1 = 1}
√
n

≤ x

)
→ pN0,σ(p)2(x) + (1− p) δ0(x) .
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Bernoulli ERW's
Behavior of Sn

Now Sn/
√
N∗
n is asymptotically normal and by a result of Heyde

(2004) we come to

Fr ,σ2(x) =

∫ ∞

0

∫ x/
√
v

−∞
e−w2/(2σ2) dw√

2πσ2
ML1−r (dv),

as multipicative convolution.
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Bernoulli ERW's
Behavior of Sn

Then we get

Theorem

(a) For p < 3

4
(1− r) and σ2 = 1/(3(1− r)− 4p),

P
( Sn√

n1−r
≤ x

)
d→ (1− r)Fr ,σ2(x) + r δ0(x) as n → ∞.

Furthermore
Sn
n1−r

a.s.→ 0 as n → ∞.

(b) For 3

4
(1− r) < p < 1 we have

Sn
n2p−1+r

a.s.→ L(1I{X1=1} − 1I{X1=−1}).

Ulrich Stadtmüller, Ulm University[2mm] joint work with Allan Gut, University of UppsalaRemarks on the Elephant Random Walk



Outline
0. Introduction of myself

1.The classical random walk
The ERW with basic results
2. Variations of the memory
3. Zeros - and level crossings
4. Random walks with stops

Some Literature, related to the talk

Bernoulli ERW's
Behavior of Sn

Let us come back to a restricted memory. What happens if we

remember only In = {n − ℓ, n − ℓ+ 1, . . . , n} (ℓ = 0, 1, 2, . . . ) with
the process?

Then the process stops with ℓ+ 1 zeros, after time τℓ with the

total sum S ..

If ℓ = 0 then τ,S are geometric with mean 1/r and (1− r)/r resp.

If ℓ = 1 then E (τ) = 3+6r−r2

4r and E (S) = (1−r)(3+5r2)
4r(1+r) ,

If ℓ = 2 then E (τ) = 62+303r−36r2−5r4

108r ...??
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