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Stochastic Models in Science

In 1827, the Botanist physicist R. Brown investigated the
fertilization process in flowers and observed a rapid oscillatory
motion of microscopic particles within pollen grains suspended
in water.

1901, Louis Bachelier proposed the first application of
Brownian motion in mathematical finance, modeling the
evolution of prices in the financial market.

1905 Einstein interpreted quantitatively (physically) this
phenomenon (BM) in terms of the heat equation.

1923, Wiener gave the first mathematical concept of Brownian
motion ( Wiener process)

1972, Black and Scholes used geometric Brownian motion as a

functional of BM in concrete Stochastic Modelling: The financial
Market.
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Definition: The Brownian Motion ( Wiener
process)

A Brownian motion is a stochastic process B = (B;;t > 0) on a
filtred probability space (2, F, (Ft)t>0, P) satisfies the following
properties:
@ Foreacht >0 B; ~N(0,t) and B; € F.
© Stationary increments: that is Forany t > s >0
Bt— Bs: BI_SNN(O,t—S).
© Independent Increments: For all n; t;, b, - - - , t, [0, +00))
with () < b < --- < ty), the random variables
(B,,Bt, — By,,--- ,Bi, — B;,_,) are independent.
© Continuity: With probability 1, the function t — B; is
continuous on [0, +00).
Nevertheless; with probability 1, the function t — B is
nowhere differentiable on [0, +c0).
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The Heat semigroup

Let (Bt):>0 be a Brownian motion on filtered probability space
(Q, F, (Ft)i,P).

The heat semi-group is the collection of operators (Ht)¢>o
acting on C3(R) by :

Ho = Id, Hi(f)(x) = E (f(x + B;)) /f(y = t>
(1)

The infinitesimal generator of the heat semi-group is given by

2
(Lof)(x) = lim T(H() ~N(X) = 2 9N (2)

for any f € C3(R),
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The Euclidean Ornstein-Uhlenbeck phenomeneon

De Grooth, B. G.,: A simple model for Brownian motion leading
to the Langevin equation. Am. J. Phys (1999) describes the
Euclidean Ornstein-Uhlenbeck phenomeneon "The collisions
between a Brownian particle and its surrounding molecules
lead to the Langevin equation, the power spectrum of the
stochastic force, and the equipartition of kinetic energy.

The Langevin equation

dX; = —X;dt + V2dB; (3)

where (B); is the standard Brownian motion on R.

Explicitily, we have

t
Xi = xe t+V2 / e’ 'dBs 4)
0
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Definition

The Ornstein-Uhlenbeck semi-group is the collection of
operators (N;);>o acting on Cg(R) by :

Ni(F)(x) = Ex ((X,)) = /R fex +V1— e 2y) dr(y). (5)

X2 . . m
where dv(x) = \/%78,7 dx is Gaussian probability measure on
R.
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The family (N;)¢>o satisfies the following properties:
@ Forany f € C3(R), Nof = 1.
@ Forany s, t>0and f € C3(R), Ns(Nif) = Nsy4f.

© For any f € C3(R), the infinitesimal generator of the
Ornstein-Uhlenbeck semi-group

2
(L) = fim 1) = 0 = (G x4, ) (00
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Proposition

The Ornstein-Uhlenbeck semi-group and its generator L are
self-adjoint in L?().
In particular, they are invariant w.r. t the Gaussian measure -y ,

/ (LF)(x) dy(x) = O, for all f € C2(R) (6)

V.
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Complex O-U operators

The one-dimensional complex Ornstein-Uhlenbeck process
(Zt)t>0 was physically interpreted as the fluctuations of an
electric charge in the presence of a magnetic field, it satisfied
the following S. D. E ( Cheng Yong, Liu Yong 2012)

’
dZ; = —oZidt + ——dB;, 7
t g4t \@ t ()

where ¢ is a positive real number and (B;)s>o is an Euclidian
Brownian motion. The infinitesimal generator of (Z;); is given by
02 0 d

2% ;729 522 (8)

OU,o o
A 0z0Z 0z 0z
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For z = x + iy € C, we recall the Cauchy-Riemann operators

o 10 0,
dz 2'0x Oy
0 1. 0 0

oz~ 2lox T ay)



The Airault-Jendoubi-Ouerdiane approach
[ Jelelelele)

Unitary Berezin-Weyl Lie group representations
on RKHS

Given a locally compact simply connected nilpotent Lie
subgroup G of the complex linear group GL,(C) acting
holomorphically on C.
We consider Berezinian-Weyl (holomorphic multiplier)
representations T, satisfying the following conditions
1)

(TgF)(2) = hg(2)F (kg(2)), )

where hy : C — C and kg : C — C are holomorphic functions.
2) Forany g1,9» € Gand F € H(C), we have

(Tgy 0 Tg,)F = C(91,92) Tg,0,F

where the mapping C: Gx G — S' = {z € C,|z| = 1} is called
the Weyl factor.
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Conditions 1.) and 2.) together imply the 2—cocycle relations

kgz(kg1 (2)) = kg192(z)v (10)
hQ1 (Z) hgz(kg1 (Z)) - C(g1:g2) hg192(z)' (11)
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3) The representations Ty is unitary into a reproducing kernel
Hilbert space (in abbreviation RKHS) of holomorphic functions
HL2(C, 1), where . is a probability measure on C absolutely
continuous with respect to the Lebesgue measure d, that is
du(z) = 6(z)\(z), where 0 is a continuous non negative
function on C. Throughout this develppment, the space
HLZ(C, 1) = H(C) N L2() endowed with the inner product

< Fy Fo>— /(C Fi(2)Fa(2) du(2)

for Fy, Fo € HL2(C, 1), is assumed to be a RKHS.
We shall say that p is unitarising measure of T.
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Since the Lebesgue measure is rotation invariant on C, it is
convenient to investigate automorphisms of C having the form
kg(z) = z+ s(g), where s : G — (C, +) is a group
homomorphism. We consider T4 of the form

(ToF)(2) = €@ 92F (2 1 5(g)), (12)

where 8,s: G — (C,+) are group homomorphisms and a
mapping o : G — C.
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Proposition

The representation T4 in (12) is a Weyl representation if and
only if

C(g1. ge) = et =alag)t2@)slen gy, go € G (13)

Furtheremore, if there exists a positive continuous map
© : C — R satisfies

O(z—-s(9)) = 672Re{a(g)+5(g)~(273(g))}@(z)’ Vge G, Vze G
(14)
Then, the representation (12) is unitary into #L2(C, ©(z)d\(2)).
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The problem of unitarising-invariant measure

Our central goal is to prove that

A unitarising measures p for a multiplier representation of a Lie
group is also invariant for a second order differential operators

on D of Ornstein-Uhlenbeck type, denoted A°Y, invariant with

respect to p, i.e

/ A% (z,7) du(z) = O (15)
D

for all ¢ in a suitable class of test functions.
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Infinitesimal Representations

Definition

Let G be a Lie group and G its Lie algebra. For X € Gand

F € #H(C), the infinitesimal representation p(X) of Ty is defined
by

(POFND =g TaF(2) (16)

where t — g; := e'X be a differentiable one-parameter
subgroup on G such that gy = I,.
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infinitesimal representation (o]
(TgF)(2) = e*9*719)2F(z + s(g))

Let u: GL,(C) — C be a smooth map, we denote by
du;,(X) := Du(l,)(X), its differential at the identity matrix /.
Letz € Cand X € G; we put

b(X)(2) = g _ ha2)

then
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infinitesimal representation of
(TqF)(2) = hy(2)F(ky(2))

p(X) = H(X) + b(X)], (17)
where H(X) is the holomorphic vector field,
H(X)=ds (X)g (18)
-\ 9z

and b(X) is the scalar entire function on C

b(X)(2) = da,(X) + dB,(X) z. (19)
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We introduce a class of second-order differential operators,
called of Ornstein-Uhlenbeck type, invariant with respect to the
unitarising measure of an holomorphic representation 74 of a
Lie group G with Lie algebra G.
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Definition

Let T4 be a unitary representation of a Lie group into HLZ(C, p).
We say that a second-order differential operator A°Y is of
Ornstein-Uhlenbeck type if it satisfies the following conditions:
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Definition

Let T4 be a unitary representation of a Lie group into HLZ(C, p).
We say that a second-order differential operator A°Y is of
Ornstein-Uhlenbeck type if it satisfies the following conditions:

Q@ A% has the form
2

_, 0 _\ 0
5255 +B(z,2)— + C(z,2)—=

0z 0z’

where A(z,Z), B(z,Z) and C(z,Z) are continuous functions
onC.

A% = A(z,2)

(20)
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Definition

Let T4 be a unitary representation of a Lie group into HLZ(C, p).
We say that a second-order differential operator A°Y is of
Ornstein-Uhlenbeck type if it satisfies the following conditions:

Q@ A% has the form

= 0 0
ouU _ = -\ 9 - 9
A _A(Zaz)azaz—i_B(Z?Z)az+C(Zaz)8?7 (20)
where A(z,Z), B(z,Z) and C(z,Z) are continuous functions
onC.

@ A% s invariant w.r.t the unitarising measure 1. of the
representation Ty.
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Canonical Induction

Definition

Let Ty be a unitary representation of a Lie group G into the
Hilbert space HL?(C, 1) and p its infinitesimal representation.
We say that the geometric structure (G, C, Ty, dp, p) induced an
Ornstein-Uhlenbeck type operators A°Y (phenomenon) if there
exists an Ornstein-Uhlenbeck type operator APV generated by
p(X), H(X) or/and their complex conjugate, for some X € G.
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Canonical Induction

In the sense that if (vq,--- , vy) is a basis of the Lie algebra G,
there exist constants «; «, 5 k. Vj.k» 9j .k, 0j k- )k Such that the
Ornstein-Uhlenbeck type operator A°Y can be expressed as

N

A% = N {aik p(v)H(VK) + Bjk p(v)) H(vi)
jik=1

(21)

+ ik p(Vi)H(Vi) + 0k p(v;)H(vk)

+ Tj k p(vj)p(Vk) + ej,k p(\/j)p(Vk)}
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Canonical Induction

Let G be a Lie group with Lie algebra g of dimension n > 2,
endowed with a basis (Xj)j—1,..», and let T4 (as in (12)) be a
unitary Berezin-Weyl representation into the reproducing kernel
Hilbert space

HL2(C, du(z) := e"#2d)(2)),

where V(z,Z) = —azz — b(z? + Z%),a> 0,b € R with an
infinitesimal representation

p(X/) =S5 882 + bj(Z)/, (22)

where

Sj = ds/n()(j); bj(z) = b()(/)(z) = @ +Bj‘za V./ € {1" o 7n}’z(2€3;C'
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Canonical Induction: dim(/Im(p)) > 2

Assume that d, := dim(/m(p)) > 2 and there exist real
constants (G ) «k=1,....n satisfying the following two conditions

.....

n
Z Cj7k SjSk = 0 (24)
j7k:1

Then,
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Canonical Induction: dim(/Im(p)) > 2

Assume that d, := dim(/m(p)) > 2 and there exist real
constants (G ) «k=1,....n satisfying the following two conditions

.....

o n
Z Cj7k SjSk = 0 (24)
J k=1
Q
oV(z,2)
2%:1 C; k SkRe(bj(2)) = ij1 Ci sjsk)T. (25)

Then,
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Canonical Induction: dim(/Im(p)) > 2

Theorem: S. J 26
The complex second-order differential operator

ou 9 aV(z2z)0
AT = szezT oz oz (6)
= Y Cikl(p(X) + p(X))) o H(Xk) (27)

J,k=1

is an Ornstein-Uhlenbeck operator induced by the quintuble
(Gu Ca Tg7 ,LL, p)
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Canonical Induction: dim(Im(p)) = 1

We prove the induction phenomenon when the infinitesimal
representation of the Lie algebra has only one generator

0
p(Xfo)Isfoa—i_bfo(z)lv Sjo # 0 (28)

where by (z) = o, + Bj, z and such that g, # 0.
We introduce the following differential operators

15)
H/ozsfo 0z’ A/’/o = p(X/)ino :bfo(z)l’ (29)
0
'Dfo = Mfo ° Hfo = b/o(z)sfog7 (30)
— . -0
Qfo = Mfo © H/o = (sfo o + Sjy Bjy Z) = (31)

0z



Canonical Induction

Theorem: S. J 26

The real second-order differential operator

0? oV(z,z) 0 0V(z,2) 0

ou _ 4) 9 ) 2
A =l ez 2 oz oz

is an Ornstein-Uhlenbeck type operator induced by the

quintuble (G, C, Ty, u, p) if and only if

Yo = 1 %o 0 =
LAcV(z,2)+ 2—5V(z,2) =0.
Bfo ﬁjo 822

Infinitesimal Represent:
0000000000080

(32)

(33)
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Canonical Induction

In this case, A9 has the decomposition

2 2
A0 = oz HeH, + 2Re(g Py +c2q,),  (34)
0
52 V(z,z) _
where, 0(1) AcV(z2) o) _ —a02  and Re(P) = (P + P).

)
B/O sjo Jo S/O ,3/0



The Heisenberg group H; = C x R

The Heisenberg group Hjs is the set C x R equipped with the
multiplication

{31 , b1}* {32, bg} = {31 + as,by + bo + Im(aﬁag)},

where ay, a» € C; by, bp € R and Im(z) denotes the imaginary
part of the complex number z. The group H; can be realized as
a matrix group

1+%la2+ib a -—3la?—ib
Hay ~ a 1 —a aeCbeRy,
Ya?+ib a 1-}a?—ib



A basis of the Lie algebra h3 of Hz is given by

01 0 0 —i O i 0 —i
x1<1 0 1),X2<i 0 i),X3(0 0 o),
01 0 0O —i O i 0 —i
(39)
with the Lie bracket [X1 , Xg] =XiXo — XoXq = 2X3.



In addition, the following matrices

gp) = t 1 _t bl
2 2
o
1+5 -t -5
g@ e | i 1 —it :
g —it 1-%
1+it 0 —it
g§3) es=| 0o 1 0], t>0, (36)
it 0 —it

constitute smooth curves (one parameter subgroups) on Hs.



Bargmann Representations of the Heisenberg
group

The following result can be found in the Monograh of J.Faraut
and K. Harzallah ” Deux cours d’analyse harmonique Ecole
d’Ete Tunis 1984



Bargmann Representations of the Heisenberg

group

Proposition

Let o be a non zero real number. The Heisenberg group Hs
admits two inequivalent classes of holomorphic unitary
representations on the Segal-Bargmann space

HL2(C, dm,(2) := Zle~1o12Zg)\(2)) given by




Bargmann Representations of the Heisenberg

group

Proposition

Let o be a non zero real number. The Heisenberg group Hs
admits two inequivalent classes of holomorphic unitary
representations on the Segal-Bargmann space

HL2(C, dm,(2) := Zle~1o12Zg)\(2)) given by
Q@ Foro>0,9=(ab) e Hs

(Tg*F)(2) = e ®-HeP-30F(z 1 a),  (37)




Bargmann Representations of the Heisenberg

group

Proposition

Let o be a non zero real number. The Heisenberg group Hs
admits two inequivalent classes of holomorphic unitary
representations on the Segal-Bargmann space

HL2(C, dm,(2) := Zle~1o12Zg)\(2)) given by
Q@ Foro>0,9=(ab) e Hs

(Tg*F)(2) = e ®-HeP-30F(z 1 a),  (37)
Q Foro<0,g=(a,b)eHs

(NG~ F)(2) i= (T p)F)(2) = P2l F(z + ),
(38)




Infinitesimal representation on the Lie algebra b3

We denote by p°* and p°~ respectively the infinitesimal
representations associated to the holomorphic representations
Tg" in (37) and N~ in (38) . On the basis (X1, Xz, X3), we
have For o > 0,

0
o+ _ _
X)) = oo, (39)
0
U+ _ . .
P’ (X)) = I—aZJr/azl, (40)
P’ (X3) = ol (41)



and for o < 0,

0
o= = — 42
) = ozl (42)
0
o= = —j—+i 43
p°(X2) I(?Z +iozl, (43)
P’ (X3) = ol (44)



Induction of Ornstein-Uhlenbeck operators

Denote by

Let o be a non zero real number. The geometric structures
(Hs,C, Tg, p?,dm,) and (Hs, C, Ng, p?, dm;) induce the
complex Ornstein-Uhlenbeck operator

AOYT = SN q+ 5000,




The Twisted Fock spaces

Let o € R\ {0}, T be the representation of H3 on the

Segal-Bargmann space #L2(C, [2le~1712Zd)\(z)). For
o1 > 0,00 > 0, we consider the probability measure

Uty 0p(2) = Y2 gty g\ (2), 2= x+ iy.

™



We set |o| = %, o1 > 0,02 > 0. The multiplication operator

M,, o, : HL3(C, ;‘T’e—alzzw(z)) — HL2(C, dito, 5,(2))
defined by
Vo1 + o2 60110222F

7T Va(oroa)t
yields a unitary isomorphism. Furthermore, M, ,, intertwines
the representations T‘(‘;Jr in (37) and Ng~ in (38) respectively to
unitary multiplier representations Eg"2 and I';"”2 on

HLZ(C, duuy, +,(2)) by the relations

Ega1 02 _ Mm o T5+Mf1 and rg1 02 M0'1 ’UzNngq . (48)

01,02 01,02

Explicitly, we get



representations of the Heisenberg group on

Twisted Fock spaces

Proposition

Let o be a non zero real number such that |o| = 752,
oy > 0,02 > 0. We putc = Z5%2. Unitary representations of
Hs on the Twisted Fock space HL2(C, du,, »,(2))are given by




representations of the Heisenberg group on

Twisted Fock spaces

Proposition

Let o be a non zero real number such that |o| = 752,
oy > 0,02 > 0. We putc = Z5%2. Unitary representations of
Hs on the Twisted Fock space HL2(C, du,, »,(2))are given by

Q Foro >0,9=(ab) e Hs, F e HLE(C, duy, »,(2))

(E51 P2F)(2) = eo(ib—%|a|2)—gaz—(aé+5a)zF(Z +a). (49)




representations of the Heisenberg group on

Twisted Fock spaces

Proposition

Let o be a non zero real number such that |o| = 752,
oy > 0,02 > 0. We putc = Z5%2. Unitary representations of
Hs on the Twisted Fock space HL2(C, du,, »,(2))are given by

Q Foro >0,9=(ab) e Hs, F e HLE(C, duy, »,(2))

(E51 P2F)(2) = eo(ib—%|a|2)—gaz—(aé+5a)zF(Z +a). (49)

@ Foro<0,g=(ab) e Hyand F € HL2(C, du,, +,(2))

(rg1 ,02 F)(Z) _ ea(ib-&—%|a\2)—%552+(a(7—55) ZF(Z + 5) (50)




The infinitesimal representations associated to Eg"°> and 'y
Q@ Foro >0,
X)) = 2 ozl (51)
P 1) - 82_01 )
) = i il (52)
07 (Xz) = iol. (53)
Q Foro <0,
X)) = 2ozl (54)
PR = gz — 1%
.0
P’ (Xo) = —IE—IUQZ/. (55)
0’ (Xs) = ol (56)




Perturbation of the complex Ornstein-Uhlenbeck
operators

Let o be a non zero real number such that |o| = 25°2,
o1 > 0,00 > 0. We putc = 2522, The complex
Ornstein-Uhlenbeck operators

1 1
= 5011+ 5022 (57)
0? _
= Bzoz 92t lol25;
is induced simultaneously by the geometric structures
(Hs, C, E§" "2, p, Aty r,(2)) @nd (Ha, C,T5" "2, p, Aty 0y (2)).

AOU,U




From [2—representations to unitary Holo
representations of the Engel group G,

Let G4 denotes R* with the multiplication law

{ai,b1,¢1,d1} x {az, b2, 2, 2}
aib
={ai+ax,bi+by,c1 + o+ ab,di + b+ ai(co+ %)}
The group G; is identified to a closed subgroup of GL4(R).

1 a %2 d
01 a c
~ : R
Gs 00 1 b ;a,b,c,d e
0 0 0O 1

A basis of the Lie algebra &4 of Gy is given by

X1 =E1o+ Ex3, X0 = E34,X3 = Epa, X4 = Ei14, (59)



Consider the unitary irreducible representation of G4 on
L2(R, du) given by

(W5F)(u) = 7+ f(u + a), (60)

for some T € R.
Letj € {1;2} and g; = (&;, b, ¢;, d;) € G4. The representation
WéT) satisfies the relation

Wor) o Wg)) = &7 % Wilo, (61)

M. Gordina and J. Haga: Lévy processes on a 3 step nilpotent
Lie group; Potential Analysis, 2012.



The Segal-Bargmann transform

Proposition
For any f € L2(R, du), let B f be the function on C given by

22 Ll2
B1(f)(z):7r‘1e‘2/f(u)e‘/éz'”_Zdu-
R

The operator f — By (f) is a unitary from L?(R, du) onto
HL2(C, dv). Forany F € HL?(CY, dv(2)), the inverse of the
Segal-Bargmann transform is given by

2

(B F)(w) = te % [ F(z)eV27 % do(2)

(62)

(63)

V.

V. Bargmann 1961.



Weyl representations of the Engel group G,

Let g = (a,b,c,d) € Gy, T € R. We consider the representation
Wy in (60) and we put

Ty = BW;B; .

Ty is a unitary representation of G4 on ]—“f(C). Explicitily, we
have

) 2 1, .
TTF)(z) — eZIm— Cf7+%(l7r7' bfa)2+%(l7r7' bfa)z,_- Z—{—L inr b+a)).
J 2

(64)




Proposition
On the basis (X1, X2, X3, X4), we have

(PXF)2) = —2F(2)+ F(2)
(P(Xe)F)(z) = ’jgz F(z)+’j§F’(z),
(p(Xe)F)(2) = 2inTF(2),
(h(Xe)F)(2) = O.




If the real number m # 0, the second order differential operator

AOU = 7T2T2A171 + A272, (69)
92 _0
= 920z ‘oz (70)

is a complex Ornstein-Uhlenbeck type operator induced by the
geometric structure (G4, C, Tg, p", dv(2)).

If - = 0; the geometric structure (Gs, C, TS, p(©, dv(2))
induces S. O. D. O of O-U type.

AZY = AH(X)HXG) +2(p(X1) — HX)HXG)  (71)
+ 2(p(X1) — H(X1))H(X1) (72)
5 _ 0

15)
= SaE o ae e
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