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[-expansions (with digits 0 and 1) g>1
1112 ) —Z [ }, i1i2"'€{0,1}oo
1
Xs = m5({0,1}), Xz = BX/S U 5(1 + Xs)
Xs = [O,ﬁ] — [O,ﬁ] = [0,%] U [%,ﬁ] — <2
unique [-expansions
Ug == {u € {0,1}* : mg(u) # mg(v) for all v # u}
= {iip-+- €{0,1}*° : 7g(inins1---) ¢ [#ﬁ] Vn>1}

=2 Ligip -+ € {0,13%° + ining1 -+ <lex @3 OF fnfns1 -+ >1ex by V0 > 1}
ag quasi-greedy [-expansion of % = m3(10)

(lex. largest B-expansion of % not ending with 0 =00---),

bs quasi-lazy 3-expansion of m = 713(01)

(lex. smallest S-expansion of m not ending with 1 =11---)

Example: 8 = 15 (52 = §41), ag = 01 = 0101---, by = 10



Unique S-expansions, 3 € (1,2]

Us = {iti- - € {0,1}°° : inint1- -+ <iex g OF inint1- - >1ex b ¥ > 1}
= {itiy--+ € {0,1}*° : pint1 -+ <iex ag when ip =0,
Infng1 -+ >lex bg when i, = 1}

ag quasi-greedy S-exp. of m3(10), b quasi-lazy S-exp. of m5(01)
symmetry: bg obtained from ag by exchanging 0 and 1

Daréczy—K3atai'93, Glendinning—Sidorov'01:

Ug#{a,T}<:>ﬁ€Ug<:>ag>1eXOT<:>52>ﬁ+l<:>ﬂ>HT\£

Ug uncountable <= ag > 01101001--- (Thue-Morse sequence)
<= [ >1.78723--- (Komornik—Loreti constant)



Bernoulli convolutions, 5 € (1, 2]

m5: {01} = [0, 514],  hiz- HZ

vg=mo 7751, with m the (3, %) Bernoulli measure on {0,1}>°

Jessen—Wintner'35:
vg either absolutely continuous w.r.t. Lebesgue or singular

Erdds'39:
singular for Pisot numbers 5 € (1, 2]
(algebraic integers > 1 s.t. |a| < 1 for all conjugates o # 3)

Garsia'63, Solomyak'95, Hochman'14, ...

Shmerkin'14:
set of 8 € (1, 2] with singular v has zero Hausdorff dimension

survey by Gouézel'17/18 (also on dimension of vg)



(5o, P1)-expansions, [y, f1 > 1

o0 .
: — Ik 1 — o
go,61 (112 -+ ) = kz_,: BiBn B [0, 61—1}’ iip- - €{0,1}

oo 1 1
X50751 = ﬂ-ﬁoﬂl({ov 1} )v Xﬁoﬂl = %Xﬁoaﬁl U E(l + Xﬂo7ﬂ1)

Xopsn = [0.521] = [0.55] = [0 gE=n] Y [ 5]

e 1 1 1 )
mzﬁ < Bo+ 1= B F+5>1

unique (o, B1)-expansions
Ugy 5, i= {u € {0,1}°° : mg, p,(u) # 7, 5, (v) for all v # u}
= {iviy -+ € 40,1} s mgy 5, (nfnr1-++) & [Fn) zpp=gy) ¥ > 1}

50+B1:25051{I-1,-2._. € {0,1}® :ipips1 - < ag, 3, OF ininy1 -+ > bgy g, Vn > 1}

ag,,3, quasi-greedy (o, B1)-expansion of % = mg,,5,(10),

bs, 5, quasi-lazy (Bo, 1)-expansion of m = T5,,5,(01)
Example: a1 5, =01 =0101---, by 5 = 1001 = 100101 - - -



Subshift with a (lexicographic) hole

Qap = {ue{0,1}> : £"(u) ¢ (a,b) Vn>0}
a € 0{0,1}*, b € 1{0,1}*°, X shift map,
(a,b) = {u € {0,1}*° : a <jex U <jex b}
Qa7b = {i1i2 e € {07 1}00 . inin+1 te Slex aif in = 07
inin+1 Crt Zlex b if In = 1}
U50751 = Qago,gl,bgo,ﬁl \ {Oa 1}*{350751’ bﬁo,/ﬁ}

Examples: _
Q001,116 ={0,1}
Qo110 = {0, 1}
Qo110 = 001U 110U {0, 1}

Subshift contained in a (lexicographic) interval
©ap = {u e {0,1}* : £"(u) € [a,b] Vn> 0}
QOb,la = O*Ga,b U 1*@a7b U {6, T}



Thue—Morse—Sturmian substitutions, S-adic words

L:0—0 M:0~01 R:0— 01
1—10 1—10 1—1

limit word (or S-adic word)
o(u) = nll_>n<1>o 0102 -+ - op(u),
o = ((7,,),,21 S {L, M, R}oo’ uc {0,1}00

exists because L(i), M(i), R(i) start with i for i € {0,1}

Examples: o o
M(0) = M(01) = M(01 ) = M(01101001) = 0110100110010110- - -
LMR(0) = LMR(01) = LM(01) = L(0110) = 01010

o primitive: Yk > 13n > k Vi,j € {0,1}: o ---0n(i) contains j
o € {L, M, R} primitive if and only if o does not end with L or R



Theorem (Labarca—Moreira '06, Glendinning—Sidorov '15,
St—Komornik-Zou)
Leta € 0{0,1}, b € 1{0,1}*.

(i) Qap #{0,1} if and only ifa =01, orb =10, or
a>0(0), b <o(1) for some o € {L,R}*M, or
a=0(0), b=0(1) for some primitive o € {L, R}*>°.

(i) Qap = {0,1} if and only if
a < 0(0), b > o(10) for some o € {L,R}*M, or
a <o(01), b > (1) for some o € {L, R}*M.

(iii) Qap is uncountable with positive entropy if and only if
a > 0(0), b < 0(10) for some o € {L,M,R}*M, or
a > o(01), b <o(1) for some o € {L,M,R}*M.

(iv) Qap is uncountable with zero entropy if and only if
a=o0(0), b=0(1) for some primitive o € {L, M, R}°°.

(v) Qayp is countable if and only if
a < ¢(010), b > 0(10) for some o € {L, M, R}*, or
a <o(01), b > 0(101) for some o € {L, M, R}*.



Elements of the proof
» o order-preserving for all o € {L, M, R}*

L:0—0 M:0~01 R:0—01
1—10 1+—10 1—1
> ucQa)om \{0,1}, o € {LLM,R} — ue{0,1}"0(Qp)
Qup = {u € {0,1} : T"(u) ¢ (a,b) ¥n >0}
u € Qo1)10) = Qo110 = UE 1*{0,10}>° U {1}
u € Qpony.Ra0) = Qo110 = U € 07{1,01}* U {0}
u € Q1) o) = Qormozoor = U € 07{01,10}%° U1*{01,10} U {0,T}

> Q)M = 070101710 U{0, 1} # {0,1}

> Q) b < M(10), contains {0(01)k,0(01)%*1}>° for some k > 0,
Q, w1y @ > M(01), contains {1(10)%,1(10)***}> for some k > 0
= uncountable with positive entropy



Partitions
(¢(010),0(01)) = (0(010),0(01)) U [¢(01),5(0110)] U (¢(0110), 5(01))

~~

(cL(010),5L(01)) [oM(0),0 M(01)] (cR(010),0R(01))
(010,01) = [ J [0(0),0(01)] U {&(0): o € {L, R}> primitive}
oe{L,R}*M

(¢(010),0(01)) = (0(010),0(01)) U [¢(01),(011001)]

~~

(cL(010),5L(01)) [oM(0),0 M(010)]
U (0(011001),5(0110)) U { ¢(0110) } U (0(0110),0(01))
N—_——

(s M(010),0M(01)) oM(01) (oR(010),0R(0T))
(010,01) = | J ([e(0),0(010)] U {o(01)}) U{o(D) : & € {L, M, R}* primitive}
oe{L,M,R}*M

0.01] = (J I[0(0),0(01)]

oc{L,M,R}y>>\{L,M,R}*{LR,RL}

o <iex T = 0(01) <1ex 7(0) (0,7 € {L, M, R}>*\ {L, M, R}*{LR, RL})



s: {0,1}° = {L, M, R}>®\ {L, M, RY*{LR, RL},
u o ifue[o(0),o(01)] U[o(10), o

montonically increasing on 0{0,1}*°, 1{0,1}*°

— \
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Theorem (reformulation)
Let a € 0{0,1}, b € 1{0,1}.

(i) Qap #{0,1} if and only ifa =01, or b =10, or
a>o(0), b<o(1) for some o € {L,R}*M, or
a=0(0), b=0(1) for some primitive o € {L, R}*>.

(i) Qap = {0,1} if and only if
a < 0(0), b > o(10) for some o € {L,R}*M, or
a <o(01), b > (1) for some o € {L, R}*M.

(iii") Qap is uncountable with positive entropy if and only if
s(a) > s(b).

(iv') Qap is uncountable with zero entropy if and only if
s(a) = s(b) is primitive.

(V') Qayp is countable if and only if o
s(a) < s(b) or s(a) = s(b) ends with L or R.



Critical curves for unique (3y, B1)-expansions

f1

red curve: Ug, g, countable below,

Ug,,3, uncountable with positive entropy above,

ag, 3, = 0(01), bg, 5, € [0(101),0(1)], o € {L, M,R}*M,
ag, 5, € [0(0),0(010)], bg, 3, = 0(10), o € {L, M, R}*M,

orag, s =0(0), bg, g =0c(1), o € {L,M, R}*® primitive

blue curve: Ug, 3, = {0,1} below, Ug, g, # {0,1} above,
s = 0(0), biys, € [o(10).0(D)] o € {L.RY M,
a5 € [0(0), 0(01)], by 5, = 0(1), o € {L, R}*M,

or ag, B = U(O)v bﬁo,ﬁl = 0'(1), o< {Lv R}Oo prim.

(Bo—1)(B1—1)=1
(Bo—1)(B1—1)=P0/(Bo+1)
(Bo—1)(B1—1)=p1/(B1+1)
(Bo—1)(p1—1)=1/2
(50—1%51—1):1/(51-%1)

L —1 1—1)=1 1
> 3 5o (Bo—1)(B1—1)=1/(Bo+1)



N =

W=

Critical values (8o, (5o—1)(81—1)) for unique [S-expansions

(Bo—1)? 2
red curve: Ug, g, countable below, Ug, s, positive entropy above,
ag,.p = U(OT), bﬁo,ﬁl € [U(IOT),U(T)], o c {L, M, R}*M,
ag, 3, € [0(0),0(010)], bg, 5, = 0(10), o € {L, M, R}*M,
orag,3 =0(0), bg, g =0o(1), o € {L, M, R} primitive
blue curve: Ug, 3, = {0,1} below, Ug, 5, # {0,1} above,
ags = 0(0), by g, € [0(10),0(1)], o € {L,R}*M,
ag,p € [0(0),0(01)], bgy 3, = o(1), o € {L,R}*M,

orag,3 = 0(0), bg, g =0o(1), o € {L, R}> primitive



Unique (-expansions with digits 0,1, 2
1 1 1
Xg=—=XgU~— U=-(2+X
s=5%U3 52+ Xs)
. 2 1 _ 2 11 2 2 2
B=3: [0,5%5] =05l V5 stsEnl Y 5 571

Ug({o, 1,2}) = {i1i2 - €40,1,2}° tipipp1- - € [ag,b/g] U [Cﬁ,dﬁ] Vn > 1}
= {ak- €{0,1,2}° s mg(inins1--+) ¢ (5 5ian V5 5T aeny) V0 = 1}

ag quasi-greedy exp. of m3(10), bs quasi-lazy exp. of m5(02),

cp quasi-greedy exp. of m5(20), ds quasi-lazy exp. of m3(12),

ag equal to cg up to first letter, bg equal to dg up to first letter,

symmetry: cg,dg obtained from bg,ag by exchanging 0 and 2

Us({0,1,2}) #{0,2} & 1€ Us({0,1,2}) < ﬁ1)<61<5<:>ﬁ>2
Allouche '83, Komornik—Loreti '02, Allouche-Frougny '09:
Us({0,1,2}) uncountable <= ag > L(ON(?)) = 0210201210120210- - -

N: 0~ 01, 100—>02 1, — 20 2'—)210
t: 0—0 lop—1 1Lh—1 22

(1 + Xﬁ)




Subshifts with two holes

Qapecd = {ue{0,1,2}> : ¥"(u) ¢ (a,b) U(c,d) Vn>0}
(a€0{0,1,2}*, b e 1{0,1,2}*, c € 1{0,1,2}*, d € 2{0,1,2})

Uﬂ({o, L, 2}) = Qaﬁ,bg,cﬁ,dﬁ \ {07 L 2}*{357 bﬁ? Cs; dﬁ}
Yag =Ycg, Thy =1¥dg, dg=F(ag), cg = F(by)
(F exchanges letters 0 and 2)
Qab,ca uncountable, Ya=¥c, ¥b=1¥d, d = F(a), c = F(b)
— a>(0N(2)) = JN'N"(0) = 0210201210120210 - - -

t:0—0 N:0—=02 N': 001

1o — 1 ]_0 — 100 10 — 1glo
12 — 1 ].2 — 122 12 — 1210
212 2—20 221,

Conditions for non-triviality and uncountability of 2, c 4 when
Ya=1Xc, ¥b=13%xd OR d = F(a), c = F(b), general a,b,c,d?



