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Problem setting

Compute separately the number of occurrences of a non-reduced set of

words U in a random text under Bernoulli (non-uniform) model

Reduced set: no word is factor of another word

Reduced Non-Reduced
U = {aab,ba,bb} | U = {aa,aab, bbaabb}

Methods

— Formal languages manipulations (Régnier-Szpankowski) (it fails in

the non-reduced case)
— Aho-Corasick (automaton) + Chomsky-Schiitzenberger

— Inclusion-Exclusion (Goulden-Jackson, Noonan-Zeilberger)



Analytic Aim

U={ui,...u.} non-reduced set of words

O%T): random variable counting the number of occurrences of the word

u, in a random text of size n (Bernoulli model)

We want to compute

F(z,xq,...,2.) = Z Pr(OW =ky,...,0) =k )aht .. ghrpn
k1>0,...,k.>0,n>0

From there

E(Og)x---xOg)):[z”] 8%8(3:
1 T

F(z,x1,...,2;)



(Auto)-Correlation Set

auto-correlation

ababa
baba|
h = ~ @
ababa
ababa

Cababa,ababa — {67 ba, bab@}

Chh={w, hw=rh and |w|<|h|}

correlation
Chihy ={ w, hypw=rhy and |w| < |hs| }

hl — 3 h2 — — Cbaba,abaaba — {CLbCL, bCLCLbCL}



Generating function of a language
language = set of words
alphabet A = {a, b}
A =e+ A+ A%+ -+ A"+ ... all the words
LcCA o Fr(a,b) =), commute(w)

(aabaa)* = € 4+ aabaa + (aabaa)2 + (aabaa)3 4.

— * F — 3
L = (aabaa)* + bbb — Fr(a,b) ey + b
if X.) non ambiguous, Fv.y(a,b) = Fy(a,b)xFy(a,b)
if X and Y disjoint, Fy.y(a,b) = Fx(a,b)+Fy(a,b)
: : 1
if X* non ambiguous, Fv(a,b) =

1 —Fx(a,b)



Weighted and Counting Generating Function

Generating function of the language £ M(a,b) =}, commute(c)

n

Weighted generating function W (z) = M(w,z,wpz) =Y cp Paz =3 7,2

we = Pr(a), w, = Pr(b), p, proba. of word «, m, proba. that a word of

size n belongs to L

Counting generating function F(z) = M(z,2) =) ., Zlol =57 f, 27
fn number of words of the language of size n

Example

L = {¢,aa,ab, ba,aaab} (e empty word)

M(a,b) =1+ a® + 2ab + a>b
F(z) =1+ 32% + 23

=



Formal Languages Analysis
(Régnier-Szpankowski - 1998)

“parse” the text with respect to the occurrences

Right R — set of texts obtained by reading up to the first

occurrence
Minimal M — set of texts separating two occurrences
Ultimate U — set of texts following the last occurrence

Not N — set of texts with no occurrence

A A=N+R. MU = L,=N+Rx.(Mzx)".U



Equations over the langages

C=Cnn 7, = Pr(h) (Bernoulli model)

I A =U+ MA* (IT) A*h =R.C + R.A*.h
(M) MT=A*h+C—¢ (IV)NA=R+N —c¢

solving




Reduced sets (Régnier)

Rz’aMi,jyz/{i ~ Ri(z)aMi,j(Z)aUz'(Z)
functions of Chl,hl (Z), Chg,hg (Z), Chlm (Z), Chz,h1 (Z)

$1M1,1(Z) .”EQMLQ(Z)

F(z, 21, 02) = N(2)+ (21 R1(2), 22 R2(2)) (37 My 1(2) x9Msa(2)

This collapses in case of non-reduced sets



Aho-Corasick

— Input: non-reduced set of words U.
— Output: automaton Ay, recognizing A*U.
Algorithm:

1. build 77, the ordinary trie representing the set U

2. build Ay = (A, Q,6,¢,T):
— @ = Pref(U)
— T = A*U N Pref(U)
qr if gz € Pref(U),
Border(gx) otherwise,

o 5(Q7 .CC) —

Border(v) = the longest proper suffix of v which belongs to
Pref(U) if defined, or € otherwise.



Example

U = {aab,aa}

Trie 7, of U



Example

U = {aab,aa} d(e,b) = Border(b) = €

A



Example

U = {aab,aa} d(a,b) = Border(a.b) = €

b (T “ b
b 0‘



Example

U = {aab,aa} d(aa,a) = Border(aa.a) = aa

S0



Example

U = {aab,aa} d(aab, a) = Border(aab.a) = a

b (]

b 0 ‘
v



Example

U = {aab,aa} d(aab,b) = Border(aab.b) = €




Example

U = {aab,aa}

S
o O 8
S
8
N
S

T(xy,22) =

x1, o marks for aab, aa



Example
U = {aab, aa}
(b

b
0

\b a 0 0/

1
F(CL7 bpxlaxQ) — (1707070)(]1 o T(CL, b’xl’xQ))_l %
1

T(lel, ZC2) —

S O 2
S
8
N
S

B 1 — CL(ZC2 — 1)
 l—axs —b+ ab(zy — 1) — a?bry(zy — 1)*




Inclusion-Exclusion Principle - Analytic Version

Set of camelus genus (camel and dromedary); the number of humps is

counted by the formal variable x.

| [
d dLbdd
d — {“objects of P in which each elementary configuration (hump)
o is either distinguished or not” }

YW W W

Pt)=t+14+t*+t+t+1=24+3t+t*=F(1 +1)
Inclusion-Exclusion principle

If ®(t) is easy to get, then F(x) = ®&(z —1).

4144




Application: counts for one word

word aaa f(x): unknown p.g.f of counts of aaa

bbbbbaaaaaaaabbbbb

each occurrence is distinguished or not (flip-flop) = 2% configurations

for a text with k& occurrences

bbbbbaaaaaaaabbbbb bbbbbaaaaaaaabbbbb
bbbbbaaaaaaaabbbbb bbbbbaaaaaaaabbbbb
) - - 1 f(x) ~ f(1+2) = ¢(x)
= + ~ f(z) = d(z — 1)

computing easier ¢(¢) and substituting ¢ ~~ x — 1 give harder f(z)

(Inclusion-Exclusion paradigm)



One word - Clusters

word aaa Cuaa.aaa = {€,a,aa}
bbbbbﬂiu&izbbbbb

bbbbbﬂizc&izbbbbb bbbbbﬂizc&iwbbbb
bbbbbﬂﬁu&izbbbbb bbbbbﬂﬁu&ﬂzbbbbb
clusters_C N

Chaa = aa,aO(e + ae 4+ aae 4+ aeae + aeaeae | aeaae -+ aaeae + ... )
= aaae (6 + ((Caga,aaa —€) ® )+)

double counting (further removed by the inclusion-exclusion principle):

N\ B z+ 22
(Caaa,aaa 6) (Z) - 1 - (Z _|_ 22)

Lo+ 22422225+

— 2492224323 +52% 4+ 82° + 1320 4+ ...



Word aaa - Clusters - Generating function

Caaa,aaa — {67 a, CLCL} Oaaa,aaa(z) =142+ 22

Coaa = ClaCLO(E + ae + aae 4+ aeae |+ aeaeae + aeaae + aaeae + . .. )

= aaae (6 + ((Caaa,aaa o 6) .)+)

Qlaaa(z, :13) = zzzaj(l +zr + zze + zxze + zxzxze + zxzze + zzrze + ... )
— 23 (e + (Coga.aaa(2) X CC)+)

814 1z + 12° _ r2°
1 — (zz + x2?) 1 — (zz + x2?)




Parsing of a text with respect to clusters

word h, C =Cunn, clusters €

zrh(z)
1—2(C(2) — 1)

C=h+hC+hCC+hCCC+... — C(z1)=

When reading a random text 7', at each position, either we read a letter
of the alphabet A, either we begin a cluster €,

I'=e+ A+ CH+AA+ ACH CA+CC+ AAA+ AAC + ACA + CAA + ACC + ...

= Seq(A + ¢)

Therefore, counting with = the number of occurrences of the word h, we

have, removing double counting by inclusion-exclusion,

1 1

P = e =) ((x_)1<)§<(z>) )
1=(z—=1)(C(2) — 1

1—-A(z)—



Reduced set - (Goulden-Jackson - 1979, 1983)

U = {aba, bab, aa}

bbbbbabababaabbbbb bbbbbabababaabbbbb bbbbbabababaabbbbb

clusters ¢; ; begin with w; and finish with w;

Q:i,j = wicwi,wj -+ Z Q:i,k-(cwk,wj — (Skjé)

1<k<3
1

Cwla'wl. € Cw17w2. Cw17w3. 1

C = (wye, woe,wze) | I — Cuwrw,®  Cuwnws® —€  Cuys® 1
ng,wl‘ ng,wg. ng,wg‘ € 1

T — Seq(A + €) — & ) !
= Se 2, L1, Lo, T3) =
q R 1—A(z) — C(z, 21,20, 23)
1

F(z,x1,00,23) = ®(2,01—1,00—1,23—1) = 1—A(z) — €(z,21—1,10—1,25—1)




General Case: Non Reduced Set of Words

U = {aa,ab,baaaab}

I II

— E—
aaaabbbbbbbabaaaabbbb

aa ab

aq baaaab

ab aq
aq
aq

create clusters of distinguished occurrences

Reduced Cluster, no induced factor occurrences (Cluster I). Count

distinguished occurrences by t; ~» x; — 1 (Inclusion-Exclusion principle)

Induced Factor Occurrences, occurrence baaaab of reduced Cluster

IT induces 0, 1, 2, or 3 distinguished occurrences aa. To recover the

correct count of 8 marked configurations, count them by (1 + ;)% ~ z7.



Inclusion-Exclusion: Non-Reduced Case

U = {u1 = aa,us = ab,us = baaaab}

I L
aaaabbbbbbbabaaaabbbb

aa aaq

aa ab aa
aa aaq
ab ab
baaaab
I 11
E— —
aaaabbbbbbbabaaaabbbb
aa aaq
aa ab aa
aa aa
ab ab
baaaab

I 11
L L
aaaabbbbbbbabaaaabbbb
aa aa
aa ab aa
aaq aa
ab ab
baaaab
I 11
E— —
aaaabbbbbbbabaaaabbbb
aaq aa
aa ab aa
aa aa
ab ab
baaaab

1. select distinguished occurrences giving clusters

2. forget induced factor occurrences to get reduced clusters

3. count induced factor occurrences



Counting Occurrences

U = {u1 = aa,us = ab,us = baaaab}

| 11
— S
aaaabbbbbbbabaaaabbbb
aa aa
aa ab aa
aq aaq
ab ab
baaaab
— Reduced Cluster I : f(ty,ta,t3) = tits
distinguished: t;
— Cluster II f(tl, tg, t3) = tg(l — tg)(l —— t1)3t3

1. distinguished and reduced: t;
2. induced: (1 +t;)



Right Extension Sets and Matrices

Right Extension Set of a pair of words (A1, hs)

En.n, =1e there exists ¢’ € AT such that hie = ¢’ hy with 0 < |e] < |hs]}.
1,742

if h1 # ho have no factor relation, &, h, = Ch, h, but Enp =Cp — €

Right Extension Matrix of a vector of words u = (uy,...,u,)

Eu=(Eui,), Ciir

Examples

ba b aba = |aba
u; = (aba,ab) = &y, = Eab,aba =0
/) e =eg A"

at+a’*+a®  a+a’ a & Eaaa.aaaa aaa.a = |aaaa
u2 = (aaaa,aaa) = Eu, =

2 2
a’+a’ a+a aa € Eqaa,aaaa  AAA.AA = O.AAAG



Counting Induced Words

U = {uy = aa,us = baaaabaaaab} Evy uy = {0aaab, aaaabaaaad}
baaaabaaaabaaaab
baaaabaaaabaaaab Ny1(6)=9—-6=3
baaaabaaaabaaaab
baaaabaaaabaaaab Ny (11)=9—-3=

J J

(Euzun)y = Tamp2®(t1 + 1)ty + momiz 0 (1 +1)%;



Formal Setting

N; (k) counts the number of occurrences of u; factor of u; and ending

in the last £ positions of u;

J
(s), formal weight of a suffix of word u;
(s), = m(s)2"t, H (tm + 1)NimUsh,
m#i

extension to a set of words S which are suffixes of u;



Right Extension Graph

a
@ aaaab
U = {aa, ab, ba, baaaab}
a
aa
b baaaab baaaab
aaaab
ab
@ Language G. F.
ba
aa t1z2
Q b ,
aaab ab taz
ba tg22
@ baaaab ty 28
gab,ba — {CL} t3z
gba,baaaab — {a'aa'b} (1 + t1)2(1 + t2)t4z4
gbaaaab,baaaab - {a'aa'ab} (1 + tl)g(l -+ t2)t425




Putting Things Together

Let (u) = ((u1)y,---,(ur),) and  (Eu)=|... <gi,j>j

Proposition I. The generating function €(z,t) of clusters built from

e
e(zt) = (- (I-(€a) ||,

\1/

the set U = {u1,...,u,} is given by

where u = (u1,...,u.), t = (t1,..., )

Proposition II. The generating function F(x,x) counting matches of

a non-reduced set of words is
1
l1—2—C(z,x—1)

F(z,x) =



Examples

U = {u}
{ ooy )  tr(w)el
(Z,t) 1 _ t<5u> 1 = t(O(Z) — 1)
U= {u,us}
@(Z,tl,t2)

t1(u1), + ta(ua), — t1t2(<u1>1 [(52,2>2 - <51,2>2] + (u2), [<gl,1>1 — <52,1>1D

B 1— t2<52,2>2 — 11 <51,1>1 + t1t2(<51,1>1<g2,2>2 N <52,1>1<5172>2)



Algorithmic computation

Inir(\Agy)
1 for i+« 1 to r do
fi(ug) — 1
for w € Pref(U) by a postorder traversal of the tree do
for i «— 1 to r do

2

3

4

5 for a € A such that w - o € Pref(u;) do
6 suffix of w - ]
7

Fi(w) = m(e)zfy (w - o) [Ljpeq (1 + ty) 1%
return (fl)]_S’LST'

BUILD-EXTENSION-MATRIX (A7 4)

1 > Initialize the matrix (&; ;)1<; j<r

2 for i« 1 to r do

3 for j «— 1 to r do

4 gi,j — 0

5 »> Compute the maps (f;(w)) for ¢« = 1..r and w € Pref(U)
6 (fi)lgigr — INIT(Agy)

7 D> Main loop

8 for i« 1 to r do

9 v o— Uy

10 do for j «— 1 to r do

11 g'L,j — g'L,j + f] (U)
12 v «— Border(v)

13 while v # €

14 return F

Time complexity of the main loop O(s X r?), where r is the number of words and s is the
length of the longest suffix chain

(sequence (u1 = u,us = Border(ui), us = Border(us),...,us = Border(us_1) = ¢€))



Complexity

Inclusion-Exclusion Automaton
Generating Function O(M(1)) O(1?)
[2"] Asymptotics O(1) O(1)
2"] Exact O(log(n)M (1)) O(log(n)M (1))

M(l) is the cost of multiplying by FFT two univariate

polynomials of size [ and we assume that the number of words r is
o(l)

Up-to-date FFT algorithms give

M(l) = O(lloglloglogl)



