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Algebraic area A of closed random walks on a square lattice
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* non commutative relation vu = Quv

e generating function for n-step closed walks

u+ut+v+v Hr=Y,C,(4) Q4+..

Tr (W™u™) = 6, 00mo

>Trut+ut+v+vHr=Y,(,(4)Q4

eg Tr(u+ut+v+v1)" =28 +4Q+4Q!

Y | @ Question: a formula for the number C,(A) of closed n-
step lattice walks that enclose an algebraic area A?

[ e.g. square lattice walks:
| C,(0) =4, C,(0) =28, C,(1)=C,(~1) =4

physics

Hofstadter model: a charged particle hopping
on a square lattice in a constant magnetic field
1

« HamiltonianH =u+u 1 +v+ v~

e Q= eiy;y = 21 /Po: magnetic flux per plaquette
rational flux ¢ /¢y = p/q with p, q coprime

* 24Ca(A) Q4= Tr H®

aim: compute Tr H"
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guantum torus algebra, Weyl commutation relation, 00 0---Qr'0 00 0 0 1
Weyl braiding relation, Q-commutativity, etc. \0 0 0 - 0 1 \1 0 0 0 O)
_ 0O fi 0 0 0
quantum trace Z P usual trace g 0 f 0 0
T dkg dhy x =y =0 =9 I 0 g2 0 0 0
TI'H = —tr H2 H2 = . .
o 21 | reduces to q .
o 0 --- 0 f,1
\0 0 0 -+ go1 O
aim: compute tr H} fr=1-Q% go=1-Q7"

* approach 1: secular determinant det (I — z H,) and its relation to exclusion statistics

o0

det(I — zH) = tr (I — zHy) = — 3 —tr H}
Il
n=1

e approach 2: direct computation (combinatorics of periodic Dyck paths*)

q q q
n
tr H2 = E E v § hklkghkzk(g e hk‘nkl

ki=1ko—=1  kn—1 * periodic Dyck path = Dyck bridge
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Approach 1: via secular determinant det (I — z H,) gt O fo =v O D \
0 g2 O 0 0
La/2] Hy = _ .
1 . . n 2n . . X . 3 ;
secular determinant det(I — zHy) = Y (=1)"Zyz2 T
n=0 \0 0 0 - g1 O
g—2n+1 ky
Kreft coefficient Z, = Y ) - Z Skit2n—9Skpt2nd """ Skn_ 1425k, Sk = gk s = 4sin’(kmp/q)
[Kreft 1993] =l =l =l “+2 shifts”

e.g. for q =7, Z3 = 515385+ S153S¢ + S154S6+ S2S45¢
interpretation in statistical mechanics
exclusion . . .

Z.,: partition function for n particles occupying

q — 1 quantum states. These particles obey g = 2
exclusion statistics (no two particles can occupy
adjacent quantum states)

xe.

. S

parameter g bosons (g = 0) fermions (g =1) g = 2 stronger exclusion than fermions!

closed random walks ' I exclusion statistics with Using techniques from statistical
on a square lattice exclusion parameter g = 2  mechanics to compute Tr HS'


https://cds.cern.ch/record/258612/files/P00020801.pdf

Approach 1: via secular determinant det (I — z H,)

qg—2n+1 kq

Kreft coefficient 2, = Y Y Z Sky+2n—25ky+2n—4 * * " Sk, 1425k, , Sk = Grfi = 4sin’(kmp/q)
k1=1 ko=1

la/2] 00
introduce b,, via log ( Z Zn:c”) = anazn, tr H2=2" = 2n(—1)""1p,

b,,: cluster coefficient

n=2>n __ _ 11 s
tr Hy = 2n E co(ly,la, ..., L E S Sp1 " SHJ ]

l1,l2,...,0;
composition of n

7

composition is an ordered partition

combinatorial factor

Example h lp 3 1 L, +1—1
Four compositions of n=3: 3 02(51; 52; . ;Zj) — Z H .
(3), (2,1), (1,2), (1,1,1) 21 122 i

1 2

1 1 1 interpretation in combinatorics?



) = 2n Z

l1,l2,...,l;
composition of n

o(l1,la, ..., 1

ZZZ

k;_—f; ki=—l4

2, 21, ﬁ 9l
g b+ A+ 50— 2)ki) \lo —A—=330 3(i — ki) —5 \li+ ki

[Ouvry, Wu 2019]|

n = 41 6 8 10
A= 0 4 28 | 232 | 2156 | 21944
+1 8 | 144 | 2016 | 26320
+2 24 | 616 | 11080

+3 96 | 3120

+4 16 840

+5 160

+6 40
counting 4 36 | 400 | 4900 | 63504

det(I — zH>) Z, br tr H3=2"

— generalize to the “+g shifts” (g-exclusion)

Ch (A) up to n = 10 for square lattice walks of length n.



https://doi.org/10.1088/1751-8121/ab2107

g-exclusion statistics
[Ouvry, Polychronakos 2019]
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" Yggt1 0

n
det(I — zH,) Zn tr H
la/g]
det(l — 2H,) = 3 (—1)"Z, "
n=0
q—gn+1 kq
Z Z Z Sk14+gn—gSka+gn—2g * * " Sk, _14+95kn
ki=1 ko=1 with Sk = Gk Sk Srt1 - - - Jhtg—2
q—Jj—9+2
8 \ tr H=" = gn Z cg(l1,l2,- -, 15) Z silsf,fﬂ *SEyjo1
31,527...733' k=1

g-composition of n
g-composition: no more than g — 2 zeros in succession
0 Example: nine g = 3-compositions of n = 3:(3), (2,1), (1,2), (1,1,1),
O (2,0,1), (11012)1 (1IOI1I1)I (1I1IOI1)I (1I0I1I0I1)

R 17 (licger -+ li—1
fq—l Cg(ll,lg,...,lj) — E H( g lZ )

0 i=2


https://doi.org/10.1016/j.nuclphysb.2019.114731

Approach 2: compute directly tr H} and interpreter ¢, in combinatorics
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[LG, Ouvry, Polychronakos 2022]

h;;: matrix elements of H,

q q q
tr H' = Z Z e Z Pkeikeokokes * + * Penkn

k1=1 ko=1 kn=1

ko _p —1~(@=1 -~ upstep (going up g-1floors)
S +1 — down step (going down 1 floor)

Example: g = 3 up step % and down step N

g-composition [y, ..., [; — all possible periodic generalized Dyck paths with [; up steps starting from the i-th floor

=1
I, =1
I, =0
I, =3

DN O

1 2 3 4 5 6 7 8 9 101112 13 14 15

Example: a periodic generalized Dyck path of length 15 for the g = 3 W. F. A. von Dyck
composition 3,0,1,1 starting from the third floor with an up step.

German mathematician


https://doi.org/10.1103/PhysRevE.106.044123

Approach 2: compute directly tr H} and interpreter ¢, in combinatorics

g-composition [4, ..., [; — all possible periodic generalized Dyck paths with [; up steps starting from the i-th floor

Example: g=3-compositions of n = 2: (2), (1,1), (1,0,1) |
1 : 1—g+1 + e lz —1
(lli l2) l]) C3 Cg(lh 127 C. ] = l_ H ( . Z

i=2
TAYANIVAYARNAY/IRC 12
* l;j ¢4 is the number of such generalized Dyck paths

l
N | \ /\\/Y \ ?d starting from the i-th floor with an up step
/ Bl ] (L1) 1
\/\/ \/\/\ \/\/ . (l1 + 1+ + lj) Cqg = N C4 is the total number of such

generalized Dyck paths starting with an up step

/\ /\\/ \/ * gncgyis the total number of such generalized Dyck paths
[ ] AN | L] J
| | ] | (11011) 1 qg—7—g+2 .
\/ \f /\ CH =g 3 b ) Y shest
. ‘ ' l1,l2,...,0; ] i
iti with St = Grfrfer1 frrg—2

g-composition of n

/




Closed random walks on various lattices

square chiral* triangular honeycomb
g =2 g=3 mixtureof g =1and g = 2
[Ouvry, Polychronakos 2019] [LG, Ouvry, Polychronakos 2022]

* Only three out of six directions at each step are allowed.


https://doi.org/10.1103/PhysRevE.105.014112
https://doi.org/10.1016/j.nuclphysb.2019.114731
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Honeycomb lattice walks

O Hamiltonian H=U+V + W

0 wu 0 v
fu,_l())’ V_(v_l()

u+ v+ QY?vu~!

0
H = (u‘l N T 0

det(I — zH) Zn,

q

n=0

by, tr

) e

0

Q_Uzm:_l

honeycomb algebra U =V*=W?*=1, (UVW)*=Q

Ql/?,uu—l
0

0 A
): (AT U)’ H1,2:AAT

det(I — zH) = det(Il — 2°Hy5) = Z(—l)”anzn

Hn

)



Honeycomb lattice walks: (1,2)-exclusion

(51 fi 0= 0 0 )
g1 S2 fa o O 0
0 g 83 e 0 0 d
e det(I — zHyp) = Y (—1)"Z,2"
SRR : —_—r
0 0 0 --- 5,01 fg—1 ~
! Sk = s, =1+s
\0 0 0 - go sq) k= OkJk, Sk + Sk
e.g. q=>5
Zy = 54535351+55535251+55545251 455545351 +55545352+5453(—51)+5533(—51) mixture of g = 1

+ 5554(—51)+5451(—52)+5551 (—82)+35554(—52)+5251(—53)+5551 (—83)+5552(—53) (fermiqn) and g = 2
+ 5951 (—84)+5351(—54)+5352(—54)+(—53)(—81)+(—54)(—51)+(—54)(—$2) exclusion

G eie el el —elel—eie—leieigieiei g
“Ge — 0 0 0 & — 0 & — O 9 & @ ;I;I II
D R e
©0 0 0 — 0 8 8 III e e — e e e
61+§+:++:—;II'I++'—+ . — e 8 & —

Z, for g = 5: all possible occupancies of 5 levels by 4 particles with either fermions or two-fermion bound states



Honeycomb lattice walks: (1,2)-exclusion

det(I — zH) Zon, bn, tr H"
q—J
n_ - __ (T 7. _ Iy D=l Do
tI'Hl:Q —n Z C«l)?(ll:....,ZJ.'.ljll,...,Zj) Sk Sk. Sk+1sk+1
el 1l el k=1
(1,2) —composition of n
/ combinatorial factor
(1,2)-composition of n if 3 3 o+ =DV ey + D+ 1 — 1
_ _ _ 01,2(l1:---:lj+1;l1a---alj): i1 H<lk =1 [k lk)
n=(L++l)+2(L++1), ;=0 1>0 RS = N LT e T
binatorial interpretati Ll & = i 3
combinatorial interpretation _ 4
. . Sk Sk + SkSk 9k+l "'l_ Skgk 1 "'I_ St ‘”|‘ SESE+1
from cluster coefficients 4= Z ; ; | Z ' 3 Z ; Z

1 k:
k+2 ‘

Tesss 0ol o 1 IIII

e.g. (1,2)-composition of 4: (4,0;0) (20 1) (1,1; 1) (0,2;1) (0,0, 2) 3(O,O,O, 1,1)



Honeycomb lattice walks: (1,2)-exclusion

—
n - __ E ol 7. _ < hzle o
trHl:Q — n (/1,2(l13"‘*Zj+ljll*"'jl‘]) Sk Sk. Sk+lsk+1

=

o
I
r_«

(1,2)— COIIIpO‘-;lthIl of n

Sk = 4sin*(knp/q) , S =1+ sy

Cn(A) =n >, bl Z Z Z (El +A+ gf;(z - 2)!:3-) (Iz - A- 22:{5;(1' - 1);;) ﬁ (5?: fik‘z‘)

l1,l2,....l5 ka=—I3 ka=—14 kj=—1; i=3
composition of n'=0,1,2,...,n
j<min(n’,n—n’+1)

min(ly,l2) min(l2,l3) min(l; q,l;) j j—1
n+y- Li=>"7""m;—1
S O SO PO E E E m; ot =17 =1
( (l v | J) ]1]2 0 (H ( )( ’3))( 2ZJ—]_‘;:?,_1
mq = mo=— mj 1= 1=

[LG, Ouvry, Polychronakos 2022]



https://doi.org/10.1103/PhysRevE.105.014112

(1,2)-exclusion and Motzkin path

(51 fi 0 - 0 o\

g1 S2 fa2 -+ 0 0

0 g §3 0 0
Hy 5 = e : :

0 0

\O 0 ¢ Gg1 sq)
lengthn = 4

N/ SIS
/N NV NV N/

AVANA A4
AN N

q q q
tr Hyy = Z Z e Z Pkyko Pkakes * Moy

0 sum &g g fpi kiy1 — ki =1+1 — down step (going down 1 floor)
0 -

[P P PR P PR P :
(bl JHb 2 ]) 1,2 T. S. Motzkin

k1=1 ko=1 kn=1

—1 — up step (going up 1 floor) Z

0 — horizontal step

Israeli-American mathematician

(4,0;0) 1/4

(2,0;1) 1 - (L= e+ D+ -1
01,2(11,...,lj+1,l1,...,lj)— Z'l | H lk—l_l l~k; lk
(LLD 1 S o
* l; ¢1 7 is the number of such Motzkin paths starting from
(0,2;1) 1 the i-th floor with an up step

(0,0; 2) 1/2 (11 + 1, + -+ lj) C1 2 is the total number of such
Motzkin paths starting with an up step

(0,0,0;1,1) 1 * I Cy , is the total number of such Motzkin paths

- generalization: (1, g)-exclusion, (g1, g, ... )-exclusion



(1,g)-exclusion

9—Jj—g9+2 3
tr H*, = n crq(l livg_1;l ;) shishigh g ...
Lg — Lg\*Ls =5 bj4g—=15°15 -+ -5ty k°k 2k+1°k+1
31,...,Ej+g_1;11,...,lj k=1

(1,9)-composition of n

—~

We define the sequence of integers 31, fz,..., livg—1;l1,1a,...,1;, 7 > 1, as a 1, g-composition
of n if they satisfy the conditions

n=(h+l+ --+lg1)+gli+h+---+1)

li>0;1; 20, l1,l; >0, at most g—2 successive vanishing [;

That is, the [;’s are the usual g-compositions of integers 1,2,...,[n/g| and the I’s are
additional nonnegative integers (we also include the trivial composition /; = n.) For
example, there are seven (1,3) compositions of 5

e j=0:(5);j=1(2,001), (1,1,0;1), (1,0,1;1), (0,2,0;1), (0,1,1;1), (0,0,2;1)
and five (1,4) compositions of 5

e ;=0:(5);7=1:(1,0,0,0;1), (0,1,0,0;1), (0,0,1,0;1), (0,0,0,1;1)

8119(31}32,..., £j+g—l:, llj 32,...j Ej) =

(31 +1,—1)! jﬁl ( ik + Zi’c=k—g+1 li—1 )

WL e\ o= 1, b



(1,g)-exclusion

The number of (1, g)-compositions of a given integer n is

In/g]=1(g—1)k o n+m— gk —1
Nigy(n) =1 ’ 7 .
w3 3 () (5

k=0 m=()

where the g-nomial coefficient is defined as
Lm/g] .
k , -~ AR (E+m—qg) —1
( ) _ {:B?n](1+‘?:+.q:2_|_.___|_:L,g—l)k _ E : (1)J() ( + m g) )
mj, prs J kE—1

Equivalently, the generating function of the N; ,(n)'s is

i . (1—3:)9_2(1+3:9_1—:1;9)—:1;9_1
S _

=0 1 (1—2)9 Y1 4+2971 — 29)— 291




Take-home message

algebraic area enumeration
of lattice random walks

/

guantum exclusion statistics

oxe-

Future plans

* Higher dimensional walks?

3D cubic lattice walks: mixtureof g =1, g = 1, and g = 2 exclusion [LG 2023]

arbitrary dimension (ongoing work)

T

A 4

g

=2

combinatorics of
Dyck/Motzkin paths :

g=3

2 3

mixture .ofg =landg =2

6 7 8 9 10


https://arxiv.org/abs/2307.08732

Cubic lattice walks: (1,1,2)-exclusion with constraints [LG 2023]

algebraic area of 3D walks: sum of algebraic areas obtained from the walk's projection onto the
three Cartesian planes

ri
] l |‘ [~
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\—\,,‘7; : 21 s _:
i v [ SO I '
| L RV A | AT ! [
T~ [ ‘N T T I i T It
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| "\\) 7 t t 7 t T t
pd ! 4 VA S I S R ! A A A I A
| P [ | . ’ / | ’ ! ’
| //,» ‘( | z ’ | ’ ] s
2 [ JEOSUI I AP R CS S
G | s r—1
: ‘, p pii .

UWLWV T = Q

Hamiltonian H = U4+ V + W+ U '+ V4 W}
algebra VU =QUV, WV =QVW, UW =QWU

representation U=u® 1, V=v®Il, W= v ou

tr H™ can be mapped onto the cluster coefficients of three types
\ | P of particles that obey exclusion statistics with g=1, g=1, and g=2,
Cubic lattice walk and it&ﬁi:ojections respectively, subject to the constraint that the numbers of g=1

~ (fermions) exclusion particles of two types are equal.

/
™ ‘ 7


https://arxiv.org/abs/2307.08732

Take-home message I |
Y )}\ ”
algebraic area enumeration Y

A

of lattice random walks <

/ \ g

A

\ P
<€
A 4

Y

[l A

@
*I guantum exclusion statistics combinatorics of ;
Dyck/Motzkin paths :
Future plans "I 235 45 67 s 910

* Higher dimensional walks?
3D cubic lattice walks: mixtureof g =1, g = 1, and g = 2 exclusion [LG 2023]

arbitrary dimension (ongoing work)

* Connection to exactly solvable models?
e.g. open Ising spin-1/2 chain: free-fermionic spectrum +€; + €, + -+ with €, obtained from g = 2
exclusion matrix H, [Baxter 1989], closed chain (in preparation), SU(N) or mixed spin chain (ongoing work)

* Other applications? Polymer physics, particle physics, quantum information, etc.

Thank You! One more thing: seek a postdoc position starting from Jan. 2024 :)
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