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INTRODUCTION

(Il était une fois le réve d'lcare)



Nonlinear dynamical systems
Let O, denotes d/dz.

y(z) = f(q(2)),
(NDS)§ 92q9(z) = Ao(q)uo(z) + A1(q)ui(2),
q(20) = qo,

where :
» up(z) and uy(z) are “controles”, or “inputs”,

» the state ¢ = (qu,. .., qn) belongs the complex analytic
manifold @ of dimension n and qq is the initial state,

> the observation f € O, with O the ring of holomorphic
functions over Q,

» Fori=0.1, Ai(q) = ZAJ,(q)ai is an analytic vector field
j=1 !

over @, with Aj,:(q) € O,forj=1,...,n,
> y(z) is the “output” of (NDS).



Examples of Nonlinear Dynamical System

Example (harmonic oscillator)

Let ki, ko be parameters and 8,y (z) + kiy(z) + kay?(z) = u1(z) which
can be represented by the following state equations

9:q9(z) = Ao(q)uo(z) + A1(q)ur(2),
Ay = —(k1CI+k2q2)aﬁq and A; = (%7
y(z) = q(2).

Example (Duffing's equation)

Let a, b, c be parameters and 92y(z) + ad,y(z) + by(z) + cy(z) = u1(2)
which can be represented by the following state equations

9:9(z) = Ao(q)uo(z) + Ai(q)ui(2),
0 0 0
A() = —(8q2 + b2q1 + qu’)aiq2 + qzaiq]_ and Al = 87q27

y(z) = q(2)



Nonlinear differential equations with three sigularities

y(z) = f(q(2)),
(NDE) § 0:q9(z) = Ao(q)uo(2) + A1(q)u1(2),
q(z0) = qo,
where :
> up(z) = % ui(z) = 1 i =

» the state g = (g1, ..., qn) belongs the complex analytic
manifold @ of dimension n and qqg is the initial state,

> the observation f € O, with O the ring of holomorphic
functions over @,

» For i =0..1, A ZAJ —. is an analytic vector field

over @, with Aj,-(q) € (’),forj =1,...,n



Particular cases : Fuchsian differential equations (FDE)

0:9(z) = [Mouo(z) + Miun(2)] 9(z), y(z) = Aq(2), a(z0) =,

where My, My € M, o(C), A € M1,,(C),n € M, 1(C), and
up(z) =z m(z)=(1-2)"1.

Example (hypergeometric equation)
Let tg, t1, t, be parameters and

2(1 = 2)P2y(2) + [ta — (to + t1 + 1)2]0,y(2) — tot1y(z) = 0.

Let g1(z) = y(z) and g2(z) = z(1 — 2)d,y(z). One has

i) = o) w00 oao) o] (3)

A= O)MO__<toOt1 g)M1_<8 tz—tlo—n)"_(?r;ggg)'

0 0 0
Ao(q) = —(tot1q1 + tzClz)aTl2 and Ai(q) = —ChaTh —(tp—tg — t1)¢728f-



Present work
By successive Picard iterations, one get

Y(Z) = Z Z Ai1o"'OAik(f(q0))

k>0 i1,...,ik=0,1
z Z1 Zk—1
/ u,-l(zl)dzl / u,-2(22)dz2 . / U,'k(Zk)de
20 20 20

Let X = {x0,x1} and for any w = x;, - - - x;, € X¥,
Aw) = Ajo...0A;,

z 7 Zk—1

ozjo(w) = /u,-l(zl)dzl/ u,-2(22)d22.../ uj, (zx)dz.
20 Zp P

Therefore,

Mo = | 3 Alw)a )| (lao)

weX*

= [(A® aZ)D](f(q0)),
where, Dx = Z wR w.



Noncommutative generating series

» Fliess generating series and Chen series

ofiy = 2 AW)(f(@))w and Syeo= Y af(w)w.

weX* weX*
» The duality between Uﬁqo and S, consists on the convergence of
(0 Shmz) = > (AW)(F(0)) W) (Szymsz|W).
weX*

> Divergence :

d\” d\”
(dz) y(2) —~7 ¢ and (Zdz> y(2) 17
> If theTaylor expansions of (d/dz)"y(z) and (zd/dz)"y(z) exist :

d\" n d\" X
(dz) y(z) = Z dkz"  and (Zdz) y(z) = Z tkz
k>0 k>0
then

7 7
di o and  ti el



Chen'’s iterated integral along a path and polylogarithms
Let wo(z) = up(z)dz and wi(z) = u1(z)dz. The iterated integral

over wo(z) and wi(z) associated to w = Xxj, - - - x;, is defined by

z 21
az(Ix<) =1 and oz (x;...x,)= / wi, (z1) .. / wi, (zk).
20 20

sr—1

For any w = xgl_lxl coXy X € XX,

m

V4
ag(w) = Z o = Lis,, ..., (2)-

m>..>n>0 1

) ds [° dt
Example ag(xox1) = Lia(z) = / 1-:
y 1—

= /ds/dtZt

k>0

= Z/ds

k>1

k
- Z%

k>1



Polylogarithms, multiple harmonic sums and polyzetas

n

1 . z
HS(N) = Z 517"&' and LIS(Z) = Z ,7517
.. Ny .

Sr*
ny. 1...ny
N>ni>...>n>0 n>..>n>0

If s; > 1 then by an Abel’'s theorem, one has
1
ST

Sr
nt...n
m>..>n>0 1 r

lim Hs(N) = lim Lis(z) = ((s) =

N—oo z—1

else to determine the asymptotic expansion of

Hop(v) = Y ——

n...ny
N2n1>..‘>n,>0

1
H{l}k75k+17"'75r(N) = : : n n n5k+1 n5r :
~~ N>ni>..>n>0 L Tk e e

>1

Fact : one has ZHs(n)z” 1 Lis(z) = Ps(2).

11—z
n>0
Let Z be the Q-algebra generated by convergent polyzetas.



Encoding the multi-indices by words
Y = {yk|k S N+} and X = {Xo,Xl}.
Y* (resp. X*) : set of words over Y (resp. X).

sr—1

s51—1
S=(S1,..sS) O W=Yg ...¥, < W=X" X1...X5 X1.

w is said convergent if s; > 1. A divergent word is of the form

k k k. Sk+1—1 s—1
(15, Skg1y -3 S5r) @ Vi Vs -+ Yo 8 XTXg 0 X1 .. Xy X1

. . zm
VYwe Y*, Liy,:w — Li,(2)= Z 5
m>.>n>0 1

1

Cw:w — ((w)= Z s
m>..>n>0 1 70T

1

Hy:w — Hy(N)= -
n'...ny
N2n1>...>n,>0

1
P, : P,(z) = H,(Mz" = — Li,(2).
W (z) NZ;O (N)z 1 iw(2)

Sy
...ony



ALGEBRAIC COMBINATORICS
OF FORMAL POWER SERIES
ON NONCOMMUTATIVE VARIABLES

(La conquéte de Mars ...)



Shuffle bialgebra and Schutzenberger's factorization
Let LynX be the set of Lyndon words over X.

P = / forl e,

P = [Ps, Pr] for I € LynY \ 'Y,
standard factorization of | = (s, r),

P, = PL... P for w= [, [k,
h>...>l,h.... Ik € LynY.

S = 1 for | = 1x+,

S5 = xSy, for | = xu € LynY,

S M L w s o
Sp = — k forw=1"...1k

h>...>l,,h....Ix € LynY.

Theorem (Schiitzenberger, 1958)

—

Z wRw = Z Sw ® Py = H exp(S @ Py).

wey* wey* leLynY



Example

T P, S
x0 X0 X0
x1 x1 x1
0% [x0, x1] 0%
X0 [x0, [x0, x1]] g
x0x [0, xal, x] X0
3% [x0, [x0, [x0, xa]ll 0%
xp % [x0, [[x0, x1], x1]] xgx
Xx] [[[x0, x1], x1], xa] 0
0% [¥0, [0 [x0, [x0, x1]]l] !
X0 X [x0, [x0, [[x0, x1], xa]ll XX
sgxga | (o oy all, b, xall 264+ xgxaxoa
X)X [x0, [[[x0, xa], xa], x1]] x5
Xox1X0X2 [[x0, x1]; [[x0, x1], xa]] 3353 + xgx1xoxd
X0Xq [lllxo, x1], x1], x1], x1] XXy
x| o, [, [xo, [x0, Do, xallll] X3
x| oy b, o, [lx0, xal, salll] 0%
xgxixgxa | [xo, [[x0, [x0, xall; [x0, x1]l] 243 + qX1x0%1
xgx; [xo [x0, [[[x05 xa], x1], x1]1] xgx
o | boslboal, oo, xlxlll | 3955 + o0
Xy ><£ ngl [[xo, [[x0, x1]; x11ls [x0, x1]] | 6xgx7 + 3x3 x1£<o§1 + Xy X{ X0X1
QX 0, [[llx0» x1]s xa], ], x1l] XX
><o><1><%><13 [[x0, xa], [[[x0, x1], xal, x1]] 4t + xox1x0%3

X0 X7

[[llix0, xal, xa], xal, x1], xa1]

X0 X7




g-stuffle bialgebra
The g-stuffle product defined by v w 41y« = 1ys w qu = u and
yivw gyiv = yi(uw qy;v) + yj(yiv w 4v)
+ qyipj(uw gv),
and its associated coproduct is defined respectively by
Yk €Y, AL () =w@1+18y+q Y yi®y
i+j=k

satistying (A q(w)|u® v) = (w|uw 4v) and if qu)(yk) is a
homogenous polynomial of deg yx = k and is given by

qu)(yk = k—i—Z Z Vi Yj-

i>2 J1ei21
J1t+--tHiji=k

then A, (m{” (i) = m? (ve) ® 1+ 1@ m” ().

Examples, with g = +1,0, —1, lead respectively to stuffle, shuffle,
minus-stuffle products.



Extended Schiitzenberger's factorization (¢ = 1)

n, = m(y) foryey,
[Ms,N,]  for e LynY,
standard factorization of / = (s, r),
My = Mp...0F forw=/" [k
h>...>l,h.... Ik € LynY,

=
I

Y, =y foryey,
Ys{+-+s] for 1cLynY

— i yn

ZI = E 7[,! Z/l...ln I=Ys; sy »

{s,+ s/ }C s, s b > > In€LynY

X
(vsy ~~ysk)¢(ysi 7}’5;,7’17"' ,In)

_ 1 Lt 7y L for h>..>I
Bw = il!...iklz’l ek, w=lL 1k,
\
Dy = H exp(E; @) € HY,OH .

leLynY



Example (for g = 1)

My,

4

n)’3}/1

n}’2Y2

I_Iyzyl2

I_I}’IY3

I_IYI}’ZYI

Lo 1l
Y4 2}’1)/3 2y2y2 2y:~;y1 3
1 5, 1,
§YZY1—ZY1»

1 5 1,
y3y1 — 5)/2)/1 —yniys + 5)’1 Y2,

1, 1, 1,
Yay2 = 5Y2¥i T 5Yiy2 + 27

Y2yi = 2y1yoy1 + yiyo,

1, 1 Ll
yiys = Syiva = Syey + v
Yiyays — iy,

1
ﬁn—iﬁ,

yi-

Y2y +

1
§Y1)/2Y1



Example (for g = 1)

Z)’4
Z}/3)’1
T

Zyny
Z}/1}’3

Z}’1}/2}/1

Ya,

1

5Y4+Y3)/17

2.y4 Yo,

LIVIE MRS IV
6)’4 2}’3}’1 2)’2}/2 Y2yi,
ya+ y3y1 + y1y3,

1

1 1
5)’4 + E}/3)/1 + )/22 + +y2y12 + §y1y3 + yiyoy1,

1
Sty + V3 + yoy? + yiys + yiyayr + vive,

1 Jr1 +12+1 2Jr1
24)/4 6)’3)/1 4)/2 2}/2)/1 6)/1)/3

1 12 4
5)’1)/2)/1 + 5)/1 Y2+ y.



ALGEBRAIC COMBINATORICS OF POLYLOGARITMS,
HARMONIC SUMS AND POLYZETAS

(La vie sur Mars ...)



Noncommutative generating series of polyzetas
Let X = {Xo,Xl} and Y = {Y,‘},'Zl.

Definition
= Y Liy(z2)w and H(N):= ) Hy(N)w
weX* weyY*

Theorem (HNM, 2009)

A,L=L®L and AuH=H&H,
L(z) = X1'°giL o(2)€0°%% and H(N) = MM (N),

N\
where Lyeg(z H s (@) P gpg Hyeg(N) = H el (M) T
leLynX leLynY
I#x0 X1 I#y1
Definition

Zy =Lig(l) and  Zuy = Hyeg(00).



Global regularizations

e N
H exp[C(S)P)] and Zy = H exp[¢(XZ)MN].

le LynX le LynY
I#x0 X1 I#y1
1 )k
L(z)z_>1 x; log 1> Z,, and H(N oo P~ ZHW Ty Z,
k>1
For any w € Y* and for any k > 1, we have
W ¢ Il .
)= 3 arlog () 3 3 By g () + 037 ).
— J i=

where 7, o; and f3; j belong to Z[v].

Theorem (HNM, 2005)
Z, is group-like and Z, = B(y1)ryZ,,, = e Z\.,, where

Bn) = exp| -+ 300

k>1

and B'(y1) .= e™B(y1).

—
=
~
>
I



Generalized Euler constants

By specializing at

t1 =7
and
vi>2, = (-1 -1)1¢)
in the Bell polynomials b, k(t1, ..., tk), we get
Corollary
B (—1)k af €2\ (k) \ ™

M= D s > ) Uk )

S1yees s, >0

51+.H+ksk:k

—i

o i c(xO[(—n):
i=0

2 mxw]) [ b (20 2C3). -]

j=1



Generalized Euler constants by computer

V1,1

Y1,1,1

Y1,1,1,1

71,7

71,1,6

Y1,1,1,5

7?2 —¢(2)
2 )
7? —3¢(2)y +2¢(3)
6 b
80¢(3)y — 60¢(2)72 + 6¢(2)% + 104*
240 ’

(T +CB)E) — g l2)"

S C@P7 +1E)6) + SCB)XRY ~ 4Ty

((6:2) + 520(2)* + 5C2)C3) — 4(3)C(6),
809

26(6,2) = 5 C3)(5) + 2CIBY + 1y (2)’

(201 = 3¢@)) + 1502 )

(G0 - 5@° )2 + getsn>



NONLINEAR DIFFERENTIAL EQUATIONS

(Sur la trace d'lcare)



Nonlinear differential equation

z)= Zy,,z” is the output of :
n>0

y(z) = f(q(2)),
(NS)§ 0zq(z) = Ao(q)uo(z) + Ar(q)ui(2),
q9(z0) = qo,

(p, P, C¢) and (p, p, G;), for i = 0, .., m, are convergence modules of
f and {Al}j—1 , respectively at g € CV(f) M=o, . mj=1,..n CV(AL).

Z A(w)(f(qo)) w satisfies the x—growth condition.
weX*

Theorem (extended Fliess' fundamental formula, HNM, 2007)

y(2) = (ofi [150-2) = D (AW)(F(q0))|W)(Szmzlw).

weX*

Recall that S,,.., = L(z)L(z) *.



Solution of nonlinear differential equation

Corollary

The output y of the nonlinear dynamical system with singular
inputs admits the following functional expansions

y(@) = ) &wl(z) Aw)(f(a)),

weX*

— Z Z gxglxl...xgkxl(z) adZ\IO Ai. ..ad;’\g Alel°gZA°(f(qo)),

k>0 ny,...,n >0

= H exp (gs,(Z) A(Q)(“%)))

leLynX

~ oo 3 (e Amm)(r(an)).

weX*

where, for any w € X*, g, € LI¢ and

VK1
:Z( 1/2 Z (Wlug w -+ woug) ug - ug.

k>1 U, ug EX* 4




Successive differentiations of L
Let 0, = d/dz and 0y = zd/dz. For any n € N, we have

07L(z) = Dy(z)L(z) and 65L(z) = E,(z)L(2),
where
> Dp(z) and E,(z) in C(X) are defined as follows

deg(r
1 +J 1
o - X ¥ (5w
wgt(r)=nweXdes) i=1
deg(r 1 +J 1
FEIED SIS || ( o
wgt(r)=n weXdes(r) i=1
> for any w = x;, ---x;, and r = (r, ..., rx) of degree deg(r) = k and

of weight wgt(r) = k+n+---+r, 7(w) = 7,(xy) - - - 7, (xi,) and
pl’(W) = pfl(Xfl) T pfk(Xik) are defined by

r X0 —I’!Xo r X1 I’!Xl
Tr(x0) = 0 Z - (7z)r+1 and 7(x) =0 1—27 (1—z)+0
zxX .
pr(x0) = H(r) =0 and p.(x1) = b — = Li_ (z)x1.

1-—



Examples of the coefficients of 0jL

90 Lixo (Z)
90 Lixl (Z)
03 Liy, (2)

98 Liy (2)

1,
z(1 — 2)7! =: Lig(2),

Z nz" =:Li_4(2)

n>1
E n’z" =:Li_»(2),
n>1
E nz" =:Li_3(z2),
n>1

Lig(z) Liy(2),

Li_1(z) Liy(z) + Li3(z2),
Li_»(z)Liy(z) + 3Li_1(z) Lip(2),
Li_3(z) Liy(z) 4+ Li_»(z) Lip(2)
3Li_5(z) Lig(z) 4+ 3Li% ,(2),

Lil(Z).



Asymptotic behavior of the nonlinear differential equations

Corollary
Let 0, = d/dz and 0y = zd/dz. For any n € N, we have

97y(1) 0+ Z (A(w) o ﬁq0|W><Dn(1 —g)e ™ loge Z, e Iogs|W>
weX*

and

08)/(1) 5-;\0/+ Z <.A(W) o flqO|W><En(]_ _ E)e*n loge Zuu e >0 Iogs‘w>.

weX*



Asymptotic of the Taylor coefficients of the output

Corollary
The n-order differentiation of the output y of the system (NDE) is
a C-combination of the elements belonging to the polylogarithm
algebra.

Moreover, if the ordinary Taylor expansions of 0"y and Ogy exist :

d"y(z) = Z dez" and 05y(z) = Z tz"

k>0 k>0

then the coefficients of these expansions belong to the algebra of
harmonic sums and there exist algorithmically computable
coefficients aj, a; € Z, bj, b, € N and c;, ¢/ € Z[] such that
de — - Zc,k"' log? k and ty it Zc ki log?i i k.
i>0 i>0



THANK YOU FOR YOUR ATTENTION

(Mars briile-t-il 7)



