Combinatorial Diferential

Equations
*

Miguel Méndez
IVIC-UCV




Leroux-Viennot combinatorial solution
of the differential equation

Yy = P(y)
y(0) =




Generalization

Yy = @ *sy




Particular case of the generalization

Yy = o(y(t, x1,xa,...))

y(0) =

0= ¢(1)

W *s UY)(t, 20, T1, ... ) = O(y(t, T1, o, . . .




Formal Power Series

n=0

Counts sets of combinatorial objects on ‘n vertices’
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Formal Power Series

n=0

Counts sets of combinatorial objects on ‘n vertices’
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Product (FG) (x) N Z hn_’n
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Formal Power Series

n=0

Counts sets of combinatorial objects on ‘n vertices’
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h, = _
k=0

Product

(F.G)(z)dr =) hnn—T:



Formal Power Series
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n=0

Counts sets of combinatorial objects on ‘n vertices’

Substitution

O

szk =3y

h, = Given by the Faa di Bruno formula



Shuffle Species

L: Category of finite totally ordered sets
L= {l,1g,...,1,}

l={a<b<c<d}

v v

!'={1<2<3<4}




Shuffle Species

[: Category of finite totally ordered sets

F Category of finite sets
F:L—F
Fll] =

{Structures of F' over the totally ordered set [}

F(a) =3 [Flnll



Generating Function

F(z) =Y | Fln)|=~

n!

Fnj]=F{l<2<3<--

< n}




The singleton

(

if |1] = 1

[
\(/) otherwise




Linear Orders

L(z) = 332 ILIK]|4
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Generating Function



Product
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Product

k

F()Glw) = o (Lo OIFLIIGHE =) &

Disjoint Unlon V
(F.G)|l] = UUU _y Flly,] x Glly,)
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(F-G)(z) = F(z)G(z)




substitution| F(G(x)) =Y ,_, a (G(]j))k

F(G)I] = X peny Flm'] % (I pex Gls))
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Combinatorial Derivative

F'(z) = o |[Fn+ ”%

F'll] = Flx 4+




DlL|a,c,d, k,j,l,t1| =L|*,a,c,d, k,7j,1,1]




DL = L-?




Combinatorial Integral

Jy F#)dt =320 [Fln— 1] %7
[

(foT F(t>dt) ] = F|l — min ]



Combinatorial Integral

Jy F#)dt =320 [Fln— 1] %7
[

(foT F(t>dt) ] = F|l — min ]



Leroux-Viennot combinatorial solution
of the differential equation

Yy = P(y)
y(0) =







Leroux-Viennot combinatorial solution
of the differential equation

Y'= oY)
Y(0,X) =X

Y:X+/T¢(Y)dt
0




Y:X+/T¢(Y)dt
0

Y[{1,2,3,4,5}, {u,v,w,z,y, 2z, w}|




Y=X+/T¢(Y)dt
0

Y[{1,2,3,4,5}, {u,v,w,z,y, z,w}| =




Y:X+/T¢(Y)dt
0

Y{1,2,3,4,5,6}, {u,v,w,z,y, z,w}] =




Y:X+/T¢(Y)dt
0

Y{1,2,3,4,5,6}, {u,v,w,z,y, z,w}] =




Y_X+/T¢(Y)dt
0]

Y[{1,2,3,4,5,6},{t,u,v,w,x,y, 2}




Y_X+/T¢(Y)dt
0]

Y = AgTb Increasing ¢ -enriched trees.




Example

Y/ _ Y2
Y(0,X) =1

T
Y:1+f Y 2dt
0

or v
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Example

631542



Example

631542



Example

Y =Y?+1
Y (0,X) =0

T
Y:T+/ Y ?dt
0
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Example

624197835



The plethystic case

y =

/

o(y(t, x1, xa, . .

y(0) =

)

0= ¢(1)

w s Y) (T, To, 1, .. )
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y(0) = zo
solution
Y (t,x) = Al(t,x)
tk$a0$a1 co
Tt x) — ! —

7

number of ¢-enriched increasing trees with £ internal vertices

and «; leaves of height j
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Lie-Grobner-Taylor Formula



Lie-Grobner-Taylor Formula
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Lie-Grobner-Taylor Formula

4 o0 1
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Lie-Grobner-Taylor Formula

exp (752(?(%“)5’@) F(zg,x1,T9,...) = (F *4 A;)(t,x)
i=0

(F A;)(t,xo,xl, )= F(.A;(t,xo,ml, . ..),A;(t, T1,T2,...),. )‘




Creation and anhilation bosonic operators

+ _ o+

a;a; —a; a; =1

exp (t Z ¢(xi+1)ai> F(zg,x1,T9,...) = F %4 Ajb(t, X)
i=0

exp (t Z gb(ajﬂ)ai) =3 exp(z Ajb(t, A\ q, oy )G
i=0 i=0
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