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INTRODUCTION
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Picard-Vessiot theory of ordinary differential equations

(k, ) differential ring. Const(k) = {c € k|@c = 0} is supposed to be a field.

(ODE) (a,,é)” + a,,,lc“)"*l + ...+ ao)y =0, ag,...,an_1,an €k.

a, ! is supposed to exist.

Definition 1
1. Let y1,...,yn be Const(k)-linearly independent solutions of (ODE).

Then {y1,...,yn} is called a fundamental set of solutions of (ODE)
and it generates a Const(k)-vector subspace of dimension at most n.

2. Ift M =k{y1,...,ya} and Const(M) = Const(k) then M is called
a Picard-Vessiot extension related to (ODE)

3. Let k C K; and k C K be differential rings. An isomorphism of
rings o : K; — Koy is a differential k-isomorphism if
Vae Ky, 0O(o(a)) =o0(0a) and, if a €k, o(a) = a.
If K; = K; =K, the differential galois group of K over k is by
Gal(K) = {o|o is a differential k-automorphism of K}.
!Let Ri, R be differential rings s.t. Ry C Ry. Let S be a subset of R».
R:1{S} denotes the smallest differential subring of R containing R.
R1{S} is the ring (over R;) generated by S and their derivatives of all orders.
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Linear differential equations and Dyson series
Let ap,...,an € C(2), an(2)0"y(z)+...+a1(2)0y(z)+ ao(2)y(z) = 0.

9q(z) = A(2)q(z),  Alz) € M;n(C(2)),
(ED) q(Zo) = 1 A€ 1,n((C)a
y(z) = Xq(2), n e M;1(C).

By successive Picard iterations, with the initial point q(z) = 7, we get?
y(2) = AU(z0; z)n, where U(zy; z) is the following functional expansion
zZ

U(zo; 2) = Z/ A(z)dz /21 A(z)dz . .. /ZF1 A(z)dzk,(Dyson series)

k>0 20 20 20
and (zp, 21 ...,2k, z) is a subdivision of the path of integration zy ~> z.
In order to find the matrix Q(z; z) s.t.
U(z0; z) = exp[Q(z0;2)] = T exp/ A(s)ds, (Feynman's notation)

20
Magnus computed Q(zo; z) as limit of the following Lie-integral-functionals

Qi(z0;2) = /ZA(Z)dSa

Qu(z0:2) = / “IAG) + [A(2), Qa1 (20: 5)],2
+|(:)[A(Z)v Qu—1(20; 5)], Q—1(20; 5)] /12 + .. .)ds.

2Subject to convergence.
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Fuchsian linear differential equations
0 :={si}i=0,...m : set of simple poles of (ED), m > 1.

—_—

Let 7(Q2) be the ring of holomorphic functions over Q := C\ o.

= iui(z), where M; € Mnn(C),
=2 M), wh { u(z) = 1/(z—s) €C(z).

0a() = (Y Mu2)) )
i=0

9(2) =

y(z) = Adq(z2),
Let X* be the set of words over X = {xo,...,xn} and

aZ, @ M : C(X) @ C(X) — M, ,(H(Q))
(20 ~= z is the path of integration previously introduced) s.t.
M(].X*) =1d, and ./\/l(X,'1 .- -X,'k) = M,‘l - M,‘k,

z le Zk—1 de
Z(1y.)=1 d z he X ) = e - -
O[zg( X ) #H(Q) an aZU(Xl Xk) /ZU Z1 — Sj, /ZO Zk — Siy
Then3 y( ) )\U(Zo z)n with
U(z; 2) ZM =M®ag) ZW®W

wex* wex*

(ED)

3Subject to convergence.
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Examples of linear dynamical systems

Example 2 (Hypergeometric equation)

Let ty, t1, to be parameters and
z(1 = 2)y(2) + [t — (to + t1 + 1)2]y(2) — tot1y(2) = 0.
Let g1(z) = —y(z) and ga2(z) = (1 — z)y(z). Hence, one has

o= o) (23)

and _
(&) = (Bs) (G
= (uo(z )Mo+u1(z)M1) Z;g)),
where uo() z~ (1 and
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Fuchsian nonlinear differential equations

da(z) = (i Tia)u(@)) @)

qu) = do,

f(a(2)),

(NED)

<
—_
N
~—
\

where
» u;(z) = (si—z)"! and s; is a simple poles of (NDE),

> the state ¢ = (qu,. - ., gn) belongs the complex analytic manifold @
of dimension n and qq is the initial state,

» the observation f € O, with O the ring of analytic functions over Q,
> fori=0.1,T; = (T}q)9/0q1 + -+ T/"(q)0/0qm) is an analytic
vector field over Q,with T/(q) € O,for j=1,...,n.
With X and o given as previously, let the morphism 7 be defined by
7(1x-) =Id and 7(x; - x;,) = Ty ... Tj,. Then* y(z) =T o f|_ with
T = Z T(w)ag (w) = (T ® az) Z W w.

weX* weX*

*Subject to convergence.
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Examples of nonlinear dynamical systems (1/2)

Example 3 (Harmonic oscillator)

Let k1, ko be parameters and 0y(z) + kiy(z) + kay?(z) = u1(z)
which can be represented by the following state equations (with n = 1)

y(z2) = q(2),
9q(z) = Ao(q)uo(z) + Ai(q)ui(2),
where Ay = —(qu—l—k2q2)2 and A; = 2

dq oq

Example 4 (Duffing equation)
Let a, b, ¢ be parameters and 92y(z) + ady(z) + by(z) + cy*(z) = u1(z)
which can be represented by the following state equations (with n = 2)
) y(z) = a(2), .
z
I T RN
Ao(q)uo(z) + Ar(q)ui(2),

h Ay = — b2 3)— — and A} = —.
where Ay (ag2 + ql+cql)aq2+cmaq1 an 1 9%
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Examples of nonlinear dynamical systems (2/2)

Example 5 (Van der Pol oscillator)

Let v, g be parameters and
9°x(z) — Y[ + x(2)?]0x(z) + x(z) = g cos(wz)
which can be tranformed into (with C is some constant of integration)

Ox(z) = y[1 + x(2)?/3]x(z) — /z (s)ds + = sm(wz) + C.

Supposing x = dy and u1(z) = gsm(wz)/w +C, it Ieads then to
9%y(z) = 1[0y(2) + (9y(2))*/3] + y(2) + w(2)

which can be represented by the following state equations (with n = 2)
y(z) = al2),

(522) = (o ) o+ (3) it
= Ao(q)uo(2) + Ar(q)u(2),

0
where Ay = [Py(qg+q§/3’>)+q1]a—q2—qua—q1 and A = 7
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DUAL LAWS AND REPRESENTATIVE SERIES
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Dual law in bialgebra

Startting with a k — AAU (k is a ring) A. Dualizing pi: A ®k A — A,
we get the transpose ‘i : AY — (A ®k .A)Y so that we do not get a
co-multiplication in general.

> Remark that when k is a field, the following arrow is into (due to
the fact that AY @k A" is torsionfree)
d: AV Xk AY — (A@k .A)V.

» One restricts the codomain of i to AY ®k A" and then the domain
o (fp)1o(AY @k AY) =: A°.

t

AY K (A @k A)Y
T . o

A° a AV @ AY
can]\ ]\j@j

A = A° @y A°

The descent can stop at first step for a field k and then A4°° = A°.
The coalgebra (A°, A,,) is called the Sweedler's dual of (A, 11).
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Case of algebras noncommutative series
» Denoting the (ordered) alphabets Y := {yk}«>1 (with
yi = y2 = ...)or X :={xo,x1} (with x; = x0) by X, we use
the correspondence among words of the free monoid (X'*, conc, 1 x+):

™ s—1 s5,—1 *
(51,...,5,)€N;<—>ysl...ysr6Y*ﬂ_xo1 x1...xy ox1 € X x.
Y

» Let LynX denote the set of Lyndon words generated by X.

> Let (Liea(X)),[.]) and (A{X)), conc) (resp. Liea(X),[.]) and
(A{X), conc)) denote the algebras of (Lie) series (resp.
polynomials) with coefficients in the ring A, over X.

> H ., (X):=(A(X),conc,1y~, A, ,e) and
H o (Y) := (A(Y), conc, 1y, A, e) with®
VxeX, A,x=xQ1Llys+1ly®x,
YWi€Y, Auyi=yi®@ly-+1y=-Qyi+ > i Vk Dy

» The dual law associated to conc is defined by
Yw e X", Aconc(W) =22, vere mew U V.

®Or equivalently, for x,y € X,yi,y; € Y and u,v € X* (resp. Y*),
uw lyx =1y wu=uvand xu w yv = x(uw yv) + y(xu w v),

utlly« = 1y« = u = u and xju yv = yi(u s yiv) 4y (viv ) + yigj(u e v)
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Dualizable laws in conc-shuffle bialgebras (1/2)
We can exploit the basis of words as follows
1. Any bilinear law (shuffle, stuffle or any) p: A(X) ®a A(X) — A(X)

can be decribed through its structure constants wrt to
the basis of words, i.e. for u,v,w € X*, Ty = (u(u®@v)|w) so that
H(U ® V) = ZWGX* rz/,vW
2. In the case when ']/, is locally finite in w, we say that the given
law is dualizable, the arrow fu restricts nicely to A(X) < A{(X)
and one can define on the polynomials a comultiplication by

AP«(W) = Zu,veX* I_uW,vu X v.
3. When the law p is dualizable, we have

ALX) - AfxT @ &™)

Ca"I T¢|A<X>®AA<X>

= A(X) @4 A(X)

The arrow A, is unique to be able to close the rectangle and
A, (P) is defined as above.
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Dualizable laws in conc-shuffle bialgebras (2/2)
4. Proof that the arrow A(X) @4 A(X) — A(X* @ X*)) is into:
Let T=3"", P;®a Q; such that ®(T) = 0. Rewriting T as a
finitely supported sum T =) v« cu,vU®@ v (this is indeed the iso
between A(X) @4 A(X) and A[X* x X*]), ®(T) is by definition of
® the double series (here a polynomial) s.t. (®(T)|u® v) = ¢y If
®(T) =0, then for all (u,v) € X* x X*, ¢,,, = 0 entailing T =0.

We extend by linearity and infinite sums, for S € A(Y)) (resp. A(X)),
by
AwS = Z (SIw)Amw € A(Y*® Y*),
weyY*

Aconcs = Z <5|W>AconcW S A<<X* ® X*»,
weX*

AyS= DY (SWA,w €A(X"®x*).
weX*

A(X) ® A(X)) embeds injectively in® A(X* @ X*) = [A(X)](X)).
SA(X) ® A(X) contains the elements of the form > ici finite Gi ® D, for

(Gi, Dj) € A(X)) x A(X)). But since elements of M @ N are finite

combination of m; ® n;,m; € M, n; € N then Zfzo u' ® v' belongs to

A{X* ® X*)) and does not belong to A(X) ® A(XY, for uyv € XZ1.
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Extended Ree's theorem

Let S € A(Y)) (resp. A(X))), Ais a commutative ring containing Q.
The series S is said to be

1. a w (resp. conc, w )-character iff, for any w,v € Y* (resp. X'*),
(S|w)(S|v) = (S|w i v) (resp. (S|wv), (S|w w v)) and (S|1) = 1.
2. an infinitesimal w1 (resp. conc, w )-character iff, for any
w,v € Y* (resp. X%), (S|wwiv) = (S[w)(v[ly-) + (w[ly-)}(S|v)
(resp. (S|wv) = (S|w)(v[1x~) + (w(|Llx=)(S]v),
(Slw w v) = (SIw)(v[Lx«) + (w[lx+)(S|v)).

3. a group-like series iff (S|1y«) =1and A S =P (S® S) (resp.
Aconc5 = ¢’(5 oy 5),A|_+_| S= (D(S & S))

4. a primitive series iff Ay S =1y« ® S+ S ® 1y~ (resp.
Aconcsle* ®5+5®1X*,Auu S = 12{* ®5+5®1X*)

Then the following assertions are equivalent
1. Sisa w (resp. conc and w )-character.
log S an infinitesimal s (resp. conc and w )-character.

. S is group-like, for Ay (resp. Aconc and A ).

AW

log S is primitive, for Ay (resp. Aconc and A, ).
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Extension by continuity (infinite sums)

Now, suppose that the ring A (containing Q) is a field k. Then

AL k(X)) = k(X)) @k(X) and A k(YY) = k(YY) @k(Y)
are graded for the multidegree. Then A 4, is graded for the length.
Their extension to the completions (i.e. k{(X)) and k{{X* @ X*))) are
continuous and then, when exist, commute with infinite sums. Hence”:8,

Veek A (o)=Y A x"=Y ¢ Z<>X1®X
n>0 n>0 Jj=0
For ¢ € N>, which is neither a field nor a ring (containing Q), we also get

() =(c=1)"" > (2w (bx)" €Nxa(a),

a,bEN>q,a+b=c

AL () #Ac—1)"1 > (ax) @ (bx) €QX) @Q(a),
a,beN>q,a+b=c
because -

(LHS|x ® 1x-) = ¢ and (RHS|x ® 1x+) = (c — 1)~ Za——

For c € Z (or even Q, R, C), the such decomposition is not flnlte

"For S € A((X)) s.t. (S|la=) =0,5" =3 ., 5" is called Kleene star of S.

SA L, X" = (AL xX)"=1Qx-R@dx+x® 1/—\,/;)" = E;:o (;)xj QX"
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Case of rational series and of Aconc
A" (X)) denotes the algebraic closure by® {conc, +, *} of AX in A(XY).

A Afx ® X))
can]\ T(D ‘ ATAL (X)) @ pAT3Y (X))
ATBE(XN) mmmmmme oo y ARE(X) @4 ATE(X)

The dashed arrow may not exist in general, but for any R € A (X))

admitting (X, u,n) as linear representation of dimension n, we can get
tconc(R) = ¢(X.1_, G ® D;).

Indeed, since (R|xy) = Au(xy)n = Au(x)u(y)n (x,y € X) then, letting

e; is the vector such that fe;= (0 ... 0 1 0 ... 0), one has

(Rlxy) = Zm eitenly)n = S (GIX) (Dily) = S (G @ Dilx 3 y).
i=1 i=1
G; (resp. D) admlts then (X, i, &) (resp. (“ei, i1,7m)) as linear representation.
If A=k being a field then, due to the injectivity of ®, all expressions of
the type 27:1 G; ® D, of course, coincide. Hence, the dashed arrow (a
restriction of Aconc) in the above diagram is well-defined.

SATE (X)) is closed under w . A™'((Y) is also closed under .
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Representative series and Sweedler’s dual
Theorem 6 (representative series)
Let S € A(X)). The following assertions are equivalent

1. The series S belongs to A" ((X')).

2. There exists a linear representation (v, i, m) (of rank n) for S with
v e My ,(A),n € Mp1(A) and a morphism of monoids
pi X" = My a(A) sit. S=32 cx-(vu(w)n)w.

3. The shifts'® {Saw}yex (resp. {w> S}wex+) lie within a finitely
generated shift-invariant A-module.

Moreover, if A is a field k, the previous assertions are equivalent to
4. There exists (G, Di)icFfinite S-t. Deonc(S) = D icFainie Gi @ Di.

Hence, H°, (X) = (K™*(X)), w ,1x+, Aconc,e) and

H sy (Y) = (krat<<y>>’ w1, 1y, Aconc, e)'

Now, let Ac,. (X)) (resp. A% (X)) be the set of exchangeable!! series

(resp. series admitting a linear representation with commuting matrices).
The /eft (resp. right) shift of S by P is P> S (resp. S < P) defined by, for

w e X", (P> S|w) = (S|wP) (resp. (5§ < P|lw) = (S|Pw)).
Mie if S € Acce( X)) then (Yu,v € X°)((vx € X)(ful =1vl,) = (Slu) = (S[y)).




Kleene stars of the plane and conc-characters
Theorem 7 (rational exchangeable series)

1. If the Q-algebra A is a field k then for any S € k{{X)),
Deonc(S) =S @S5, (S|lx-) =1 <= S = (D, cr &xx)* with ¢, € k.
Thus, any solution of VS = MS (or VS = SM) and (S|1x+) =1 s
group-like, for Acone, where VS =S — 1y« and M = (EXEX CxX).

2. AR (X)) C AP N Aexc (X)) IF A s a field then the equality

exc

holds and A% (X)) = A" ((xo)) w A™%((x1)) and, for the algebra of

series over subalphabets AL (YY) = Upc . y A (F)), we get'?
AZAY D NAR(Y) = U0 A™ (1)) w .o A {(yi) © ALY

3. Vx e X, A (x) = {P(1 —xQ) '} p,qea- Ifk is an algebraically
closed field then k™' ((x)) = span,{(ax)* w k(x)|a € K}.

4. If A'is a Q-algebra without zero divisors, {x*}xcx (resp. {y*}yev)
are conc-character and algebraically independent over (A(X), w )
(resp. (A(Y), w1)) within (A (X)), w ) (resp. (A™(Y)), w)).

2The following identity lives in AZ25(Y)) but not in AZL(Y) N AFI(Y)),
+..) =lime oo+ ) = limMe ooy W i Y= wr s Vi
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CONTINUITY OVER CHEN SERIES
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lterated integrals
Let Q be a simply connected domain admitting 14,(q) as neutral element.
Let A := H(Q) and let Cy be a differential subring of A (9(Co) C Co)
which is an integral domain containing C.
C{{(gi)ie1}} denotes the differential subalgebra of A generated by (g;)ic/,
i.e. the C-algebra generated by g;'s and their derivatives
{u,}xex : elements in Co N A1 in correspondence with {0, }rex (0x = u,10).
The iterated integral associated to x;, ...x; € X, over the differential forms
wi(z) = uy(z)dz, and along a path zy ~~ z on Q, is defined by
aio(l/\/*) = 1Q,

z Zk—1
aZ (xy...x,) = / o.);l(zl).../ wi, (2).
0 z 0 Z—1
daz, (xq...x,) = Uy, (z)/ wi(22) .. / wi, (zk).
2y 20

C SPang(u,),cx 105 (W) twer
c bpanci{(uil ex}}{azo( )}WEX*
= C{(ug)xex }} ®c spanc{aZ (w)}wex-?
These iterated integrals satisfy the foIIowmg Chen’s lemma
Vu,v e X%, o (uwv)=aZ (u)aZ (v).

Span«:{alaﬁo(w)}wex*,/zo
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Chen series
The ring A is supposed contain Q. On H , (X) and H . (Y), we also get

N
:ZW®W:ZSW®PW: H eS/®P/7

weX* weX* leLynX
N
— Y wow= Y T,em= [ &,
weyY* weyY* leLynY

where {P;}icynx (resp. {Mi}iecyny) is a basis of Lie algebra of
primitive elements and {S;}/ecynx (resp. {X;}iecyny) is a transcendence
basis of (A(X), w ,1x+) (resp. (A(Y), w,1y+)).

The Chen series of {w;};>1 and along zy ~ z is defined as follows

Coz = G (w)w = (0, ® 1) Dy H e® P € H(Q) (X)),
weX* lIeLynX
Theorem 8
If R € C**({X)) with minimal representation of dimension n then'3
y(zo, z) = af (R) = (R||C4~-z) and there exists | =0,..,n — 1 s.t.
{0%yYo<k< is Co-linearly /ndependent and aj,...,a1, a0 € Cp s.t.
(30" +a; 10"~  + ...+ 210+ a0)y = 0.
3Subject to convergence.
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Continuity, indiscernability and growth condition
For i =0,2, let (k;, [|.||,) be a semi-normed space and g; € Z.

Definition 9
1. Let Cl be a class of ki (X)) and S € ko ((X)).

a) S is said to be continuous over Cl if, for any ® € Cl, the sum
Yowex- (SIW)[[(®P|w)]|, is convergent.
We will denote (S | ®) the sum 3 . (S|w)(®|w).
ko (X)ONt = set of continuous power series over /.
b) S is said to be indiscernable over Cl iff, for any € (I,
(S| ®)=0.

2. Let x1 and x2 be real positive functions over X*. Let S € ki ((X)).

a) S satisfies the x1—growth condition of order gy if it satisfies
K eRy,3ne N,Yw e X2",  [[(S|w)]|, < Kxa(w) [w &
We denote by k(1X1’g1)<<X>> the set of formal power series in
ki (X)) satisfying the x1—growth condition of order gy.
b) If S is continuous over k) (X}) then it will be said to be
(x2, &2)-continuous. The set of formal power series which are
(X2, 82)-continuous is denoted by k{¥2€2) (xy)cont.
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Convergence condition

Proposition 1
Let x1 and x2 be real positive functions over X*.
Let g1 and g» € Z such that gy + g» < 0.

1. Let kX&) (X)) and let P € ky(X).
The right residual of S by P belongs to k{X**)(X)).

2. Let R e kS ®) (X)) and let Q € kp(X).

The concatenation QR belongs to k{**€(X).

3. X1, Xx2 are morphisms over X* satisfying > x1(x)x2(x) < 1.
If Fy € KXY (XY) (resp. Fy € kS (XY)) then Fy (resp. F») is
continuous over k&€ (X)) (resp. k{8 ((X)).

Proposition 2

Let CI C ki (X)) be a monoid containing {e™} 5. Let S € ko ((X))cONt,

xeX"

1. If S is indiscernable over Cl then for any x € X, x<4S and S x
belong to ka((X)€ONt and they are indiscernable over Cl.

2. S is indiscernable over Cl if and only if S = 0.
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Chen series of wy(z) = z71dz and wy(z) = (1 — z) " ldz

Let v0(2) and 71(¢) be the circular paths of radius € encircling 0 and 1
clockwise, respectively. In particular, letting 5 = 81 — (o, one considers
(e, 8) = celfo s gelfs C  7l(e),
1(e, ) = 1—eeP1—celr C ().
On the one hand, one has, for any i=0o0r 1 and w € X,
[(Coie, )| W) < b g w171,
It follows then
Crep) =€ +o(g) and C ) = 2™ 4 o(e).

On the other hand, for R € C™'((X)) of minimal representation (), i, 7)
of dimension n, one has, for any w € X*,

| (RIw) <IN () 122 1l 2
Hence,
a2 (R) == (R | Capusz) = M(0, ® p)Dx)n = ( H 0 (S)u(P) )

leLynX
Note that the map aZ, : C™**((X)) — H(R) is not injective. For example,

aZ (zox5 + (1 = z0)(—x1)* — 1x+) = 0.
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More about Chen series

Chen series G, of {w;}i>1 satisfies the following Freidrichs criterion
Vu,v € X%, (Coooz|uw v) = (Copoz|u)(Copnz| V).
On the other hand, for any v and v € X'*,
(Copz|)(Crpnz|V) = (Cpponz ® Gz |U ® V),
(Copzluw v) = (A Gooz|u®v).
Hence, A ,, Coposy = Coy @ Cpynr and (G |1p+) = 1.
Note that C,,.., only depends on the homotopy class of zy ~» z and the
endpoints zg, z. One has'*
CZUWZ CzleU = CZ1->27
= Vwe X", (Cazlw) = Z (Copoz|U)(Crrazo V).
u,veX* uv=w

Note also that, for g € H(R2), one has Cg(z)g(z) = 8+ Coynz, i€. the
Chen series of {g*w;}i>1 along the path g*(z ~ z).

Example 10 (with wo(z) = z7tdz and wy(z) = (1 — z)71dz)
lg@) [ z] z' [E-Dz']zz-1)'[(Q-2"]1-2|
g'wo || wo | —wo —w1 —wo | witwo w1 —wi
g'wi || w1 | w1+ wo —wo —w1 —w1 —wp | —Wwo

Y Although Aconcw = 3 U® v but Aconc G z# Crpsz @ Egponzs

u,vEX* Juv=w
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NONCOMMUTATIVE PV THEORY
AND INDEPENDENCE VIA WORDS
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Noncommutative differential equations
Considering A = (H(2), 9) as the differential ring of holomorphic
functions on €, equipped lq as the neutral element, the differential ring
(H(Q){(X)),d) is defined, for any S € H(Q){ X)), by
dS= D" (9(S|w))w € H(Q)(X).

weX*
The Chen series Cy,.., satisfies the following differential equation

(NCDE) dS=MS, with M= ux.
xeX
A, M= Z Ue(las @X +x®@Lxs) =1ae @M+ M@ 1.
xeX
More generally, for any k > 1, C,,.., satisfies dS = Q.S with
Qr € CY(uf ) xex J}(X) satisfying the recursion
Qo =1and Qx = Q1M +dQx_1.
Qx can be computed explicitly by (summing over words w = x;, ... x;,
and derivation multiindices r = (r1, ..., rx) of degree degr =|w|= k and
of weightwgt r=k+r +...+ rk)

degr i
Qk = Z H < rj - 1>Tr(W), where

wgt r=k,weXdegr j=1

TY(W) =Tn (Xll) < Try (X’k) (arl Ux;, )Xfl s (ark Ux;, )Xik € (C{{(ux )XE/\’}}< >
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First step of noncommutative PV theory
1. The space of solutions of
(NCDE) dS=MS, with M= ux.

xeX
is a right free C({(X))-module of rank 1.

2. By a theorem of Ree, Cy ..., is a w —group-like solution of (NCDE)
and it can be obtained as the limit of a convergent Picard iteration,
initialized at (Cyysz|lx+) = 1qly+, for ultrametric distance.

3. If G and H are w —group-like solutions (NCDE) there is a
constant Lie series C such that G = He® (and conversely).

From this, it follows that

> the differential Galois group of (NCDE) + w —group-like is the
group™ {e}cerien (1)

Which leads us to the following definition
> the PV extension related to (NCDE) is C/O-.?({CZUWZ}.

It, of course, is such that Const(Co (X)) = kerd = C.1q{(X)).
BIn fact, the Hausdorff group (group of characters) of H g (X):
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Basic triangular theorem over a differential ring

Suppose that the C-commutative ring A is without zero divisors and
equipped with a differential operator 0 such that C = ker 0.
Let S € A(X)) be a group-like solution of (NCDE) in the following form

S= > (Slwyw= Y (SIS.) H elo1S0F1,

weX* weX* lIeLynX
Then

1. If H e A{X) is another grouplike solution then there exists
C € Liea{(X) such that S = He® (and conversely).
2. The following assertions are equivalent
a) {(S|w)}wex~ is Co-linearly independent,
b) {(S|/)}iecynx is Co-algebraically independent,
) {(S]x)}xex is Co-algebraically independent,
d) {(Sx)}xexu{iy-1 is Co-linearly independent,
e) {uc}xex is such that, for f € Frac(Co) and (cx)xex € CY)
> o =0f = (Vx€ X)(c =0).

xeX
f) (ux)xex is free over C and OFrac(Co) N spang{ux}xex = {0}.

(@]
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Examples of positive cases over X = {x}, A = (H(Q), 9)

1. Q=C,ux(z) = 10,00 = Cl{uz}} =
af(x™) =z"/nl, for n > 1. Thus, dS = XS and

zn
S = E ag(x")x" —E —x" = e*.
n!

n>0 n>0

Moreover, af(x) = z which is transcendent over Cy
and the family {a§(x")}n>0 is Co-free. Let f € Co then Of = 0. Thus,
if Of = cuy then ¢ = 0.
2. Q=C\] - 00,0],ux(2) = z71,Co = C{z*'}} = C[z*!] C C(2).
o (x") = log"(z)/n!, for n > 1. Thus dS = z xS and

S= Z o (xM)x" = Z —Iogr':!(z) x" =z,

n>0 n>0

Moreover, of(x) = log(z) which is transcendent over C(z) then
over C[z*!]. The family the family {aZ(x")},>0 is C(z)-free and
then Co-free. Let f € Cp then Of € spang{z="},.1. Thus,

if Of = cuy then ¢ = 0.
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Examples of negative cases over X = {x}, A = (H(Q),0)

1. Q=C,u(z) = €*,Co = C{e*?}} = Cle*?].
ag(x™) = (e = 1)"/n!, for n > 1. Thus, dS = e°xS and

z(,n\_n ef—1 n e’ —1)x
S:Zao(x )x :Z%X = (&1,

n>0 n>0
Moreover, af(x) = e* — 1 which is not transcendent over Cy and
{a(x")} >0 is not Co-free. If f(z) = ce” € Cy (¢ # 0) then
W(f,1q) = 0f(z) = ce” = cux(z).
2. Q=C\| - 00,0],ux(z) = z°(a ¢ Q),
Co = C{{z,z7%}} = sps lnc{zkﬁl}k,/ez-
ag(x") = (a+1)""z"@*1) /nl, for n > 1. Thus, dS = z°xS and

zn(a+1)

_ z(onyon __ n __ (a+1)7lz("+1)x
S—Zao(x )x 727(34—1)%!)( =e .
n>0

n>0

Moreover, a(x) = (a+ 1)~1z*"! which is not transcendent over Co
and {aZ(x")}n>0 is not Co-free. If f(z) = c(a+ 1)~z € Cy
(c #0) then W(f,1q) = 0f(z) = cz® = cux(z).

33/34



Bibliography

El

[
B
[
[
B
[
E
E
=

V.C. Bui, G.H.E. Duchamp, V. Hoang Ngoc Minh, L. Kane, C. Tollu.— Dual bases for non commutative

symmetric and quasi-symmetric functions via monoidal factorization, Journal of Symbolic Computation
(2015).

C. Costermans, J.Y. Enjalbert and V. Hoang Ngoc Minh.— Algorithmic and combinatoric aspects of multiple
harmonic sums, Discrete Mathematics & Theoretical Computer Science Proceedings, 2005.

M. Deneufchatel, G.H.E. Duchamp, V. Hoang Ngoc Minh, A.l. Solomon.— Independence of hyperlogarithms
over function fields via algebraic combinatorics, in LNCS (2011), 6742.

G.H.E. Duchamp,V. Hoang Ngoc Minh, Q.H. Ngo, K. Penson, P. Simonnet.— Mathematical renormalization

in quantum electrodynamics via noncommutative generating series, in “Applications of Computer Algebra”,
Springer Proceedings in Mathematics and Statistics, pp. 59-100 (2017).

G.H.E. Duchamp, V. Hoang Ngoc Minh, K.A. Penson.— About Some Drinfel’d Associators, International
Workshop on Computer Algebra in Scientific Computing CASC 2018 - Lille, 17-21 September 2018.

G.H.E. Duchamp, V. Hoang Ngoc Minh, Q.H. Ngo.— Kleene stars of the plane, polylogarithms and
symmetries, Theoretical Computer Science, Volume 800, 31 December 2019, Pages 52-72

V.Hoang Ngoc Minh, G. Jacob.— Symbolic Integration of meromorphic differential equation via Dirichlet
functions, Discrete Mathematics 210, pp. 87-116, 2000.

V. Hoang Ngoc Minh.— Differential Galois groups and noncommutative generating series of polylogarithms,

Automata, Combinatorics & Geometry, World Multi-conf. on Systemics, Cybernetics & Informatics, Florida,
2003.

V. Hoang Ngoc Minh.— On the solutions of the universal differential equation with three regular singularities
(On solutions of KZ3), CONFLUENTES MATHEMATICI (2020).

HANK YOU FOR YOUR ATTENTION

34/34



