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Zeta functions in several variables and polyzetas
Let H, = {(s1,...,5) €CNVYm=1,....r,R(s1)+ ...+ R(sn) > m},

for r € N4, the following zeta function converges for (s1,...,s,) € H,
C(s1y---y8) = Z n % .oon .
m>...>n>0
By a Abel’s theorem, for n € N,z € C,|z|< 1, this value can be obtained as
C(s1,...,8)= lim Hg  s(n)= I|m Lis, .5 (2),
n—-+4o00

where the following functions are well defined for (517 ..,5)eC

z " Ll51 ~~~~~ n
Lis, . s (2) = Z e and 1 ZHSl (mz".

m>..>n>0 1 n>0
Z = spang{Lis, s (1)}s.. ey = = spang{Hy, . 75’(+OO)}51‘..5.‘5>,1€N+.
s1 1

We use the correspondence between words over X = {xo,x1}, Y = {¥k }x>1:

(s1,-..,5) ENL <y ...ys €Y ;‘Xxgl_lxl .. .XS’_lxl € X*x1.
Ty

Lis,..(2) = o4 (x' 1y .. Xék 1><1), where zy ~» z is a path in a

simply connected domain, in C, with a subdivision (2, z1, . .., zx, z) and
z Zj—1

. wo(z) = dz/z,
oz (xi ... x,) = / wi (z1) - / wi, (zx)  with {wl(z) — dz/(1 - 2).

P4} ps)
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Words
>

and noncommutative formal series
Let (X*,1x~) (resp. (Y*,1y+)) be the free monoid generated by X

(resp. Y) equipped with the order x; = xo (resp. y1 = y2 > ...).

A(X) (resp. A{(X))): set of polynomials (resp. formal series) with
coef. in the commutative ring A D Q over X which denotes X or Y.

On (A{X),conc,1x«, A, ,&) (resp. (A(Y), conc,ly«, Auy,e)),
for x,y € X,yi,yj € Y and u,v € X* (resp. Y*), one defines

> AL Xx=x®1ys+ 1y ®x, or equivalently v w 1y« =
lycwu=wvand xuw yv = x(uw yv) + y(xuw v),
> ALyi=yiQly«+1ly-Qy; + Ek+/:i Yk ® yj, or equivalently
Usilys =1y« wu = uand
xiuw yiv =yi(uwyv) + yj(yvivw v) + yipj(uwv).
Considering A as the differential ring of holomorphic functions on a
simply connected domain 2, denoted by (#(2),d) and equipped
with 1q as neutral element, the differential ring (H(Q) (X)), d) is
defined, for any S € H(Q)({(X)), as follows
dS= > (9(S|w))w € H(Q){X).

weX*

Const(H()) = C.1g and Const(H(Q){(X)) = C.1q(X)).
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Comb. of noncommutative co-commutative bialgebras

Concatenation-shuffle bialgebra?, (A(X), conc, A ,, ,1x+,¢€) :

N
Dy = Z wRw = Z S,y ® P, = H e ®P (MRS-factorization),
weX* weX* IELynX
where {P;}iccynx is a basis of Liea(X), defined by
Pr=1ifl€ X and P, =[Py, P,]if I € LynX st(]) = (u,v),
{Pw}wex~ is the PBW basis of U(Liea(X)) and {S,, }wex~ is its dual basis,
containing the pure transcendence basis, {S;}/ccynx, of (A(X), w,1x+).

Concatenation-stuffle bialgebra®, (A(Y), conc, Ay, Lyx, ) :

N o

o B B 5 &0, (== — modified

Dy = Z wew= Z 2w &1 = H ¢ MRS-factorization),
weyY* weyY* leLynY

where {I1/}/eyny is a basis of Prim(Y'), defined by*

My=m()ifleYand M =[N,MN,]ifl€LynY,st(l) = (u,v),
{My}wex~ is the PBW basis of U(Prim(Y)) and {¥, }wey~ is its dual basis,
containing the pure transcendence basis, {¥;}iczyny, of (A(Y), w, 1y+).

2| etters are primitive, for A, .
30nly letter y; is primitive, for A 1.
“7; denotes a 1+ -modified eulerian projector.
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FIRST STRUCTURES AND
ABEL LIKE THEOREMS
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First structures of polylogarithms and harmonic sums
ze€Q=C\{0,1}. Forany k >0 let Li «(z) := oZ(xk) = log"(z) /k.

1. {Liy }wex~ is C-linearly independent. Hence, the following
morphism of algebras is injective

Lio : ((Cl<X>7 w 71X*) — (C{LiW}WEX*’ ) 1)’

s1— s—1 : - :
XXXy X L1X5171X1_“Xg,_1x1 (re. Lis,.. s )

Thus, {Li;}iecynx (resp. {Lis, }iecynx) is algebraically independent.

2. The following morphism of algebras is injective
Pe : (C{Y), w,1y+) — (C{Py}lwey~, O, 1)

L TTXW
w — Pu(z):= Lincw(2) ZHW(n
n>0
Hence, {Py }wey« is C-linearly independent. It follows that,

{Pi}iecyny (resp. {Ps,}iccyny) is algebraically independent, for® ®.

3. The following morphism of algebras is injective
H, : ((C<Y>, L, ]-Y*) - (C{Hw}weY*7 R 1)3
Yo ooo¥s > Hy (ie. H,,..s)-
Hence, {H, }wey~ is C-linearly independent. It follows that,
{H:}iecyny (resp. {Hs,}iccyny) is algebraically independent.
®For any u,v € Y, P, OP, = Pyiz.
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Towards more about structure of Z
4. The following polymorphism of algebras is surjective
- (ClLynX = X], w ,1x-)
CHClLmy - ).y T E D,
XX . X X
0 ysl._.ygr — <(517"'55r)'
Vi, b € LynX — X,((h w h) = (((ryh)w (ryh)) = ((h){(k).
¢ can be extended as characters:
Cuu : ((C<X>7 o a]-X*) — (Zv'vl)a Ctﬂ . (C<Y>7 Lij7]-Y") — (Za ) 1)7
st Cu (x0) = 0= log(1),
Cw (a) =0="fp, log(l—2), {(L—2)"log”(L - 2)}aezben,
Cw(y1) =0="fp., Hi(n),  {n"Hy(n)}scz pen.
Vk >0, Ak :=spang{((s1,...,5),51+ ...+ 5 = k}51+...+S,EH,ﬂN’,r20, and®
Zyc = spang{((w), [w|= k}wexox=x = spang{¢(w), (W) = k}we(y—{y})v=-
Conjecture 1 (Zagier's dimension conjecture)
Vk Z O,dk = dim .Ak. Then do = l,dl = 07 d2 = 1, dk - dk72 + dk73 (k Z 3)

Di>o A — Z is injective 7 Z = Py 2k?

8For w = x5, ... X, € X*,|w|=r. If X = Y then (w) =51 + ...+ s, being
the weight of (sr,...,s;). Thus, Zx = Q ®z Ax.
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Noncommutative generating series

Z Liy(z2)w = (Li, ®Id)Dx = fIOg(lfz)nLreg(z)elog(z)xo’
weEX*
Z H W = H [ Id)D — eHn(n)ylHreg(n),
wey
Lis, P Hy, M
where Lreg = H e’ and Hye = H e ™. We put also’
le LynX 1€ LynY
I#x0 %1 i
Z, =L reg H eSSIP 4nd Z. =H reg +OO H eCENN
1€ LynX 1eLyny
Ix0 X1 o

Let y1,. := 1 and, for any w € YT, let

Y = EDep oo Hu(n),  {n?log”(n)}acz ben.
Then ~, realizes a character on (C(Y), w1, 1yx), ie.

Yoy = and V/ e Ean — {yl}, T, = C(Z/)

N
— E VW = H el — eMmz.,
weyY* leLynY

Land Z,, (resp. Hand Z,, Z.. ) are group-like, for A, (resp. As).

7ZIJJJ corresponds to the Drindfel'd associator, ® -
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More about generating series

Let us consider
Mono(z) := Y Pyayf € H(Q){y) and Const:=> Hyf.
n>0 k>0

Since, for any k > 1, by definition, P «(z) = (1 — z)71 Li,«(z) with
Li(z) = (—log(1 — z))*/k! then

RY
Mono(z) = (1 —z)"'e~ log(1=2)y1  and  Const = exp (— ZHYk( }I?) )
k>0

Let us also consider®

B(») _eXP(/YI > <(k) )t )and B'(y1) —exp<Z< )k)-

k>2 k>2

Note that,

k
Const™! = ZH —y1) —exp<ZHyk }1;1) )
n>0 k>0

8C{y1) 2 B(y1) = TH(1 4 y1). B'(y1) corresponds:to the Ecalle’s mould Mono:
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Chen generating series of wg and wy along a path zy ~~ z

, wo(z) = z71dz,
Copnz 1= z th
° 2; Culwlw wi {wl(z) ~(1-2)dz.

By a Ree’s theorem, C, ., is group-like, for A ,, , and is solution® of'®
(DE) dS = ((1—2)~1x0 + (1 — 2)-1x)S.

Let g be the transformation z +— 1 — z. Then g*wy = —w; and
g w1 = —wg. Hence,
Coa)melx) = 2, 05N (Ww = D 02 (W)o(w) = 0(Capenz),
wex* wex*
where o is the morphism defined by o(xg) = —x; and o(x1) = —xo.

On the other hand, L is also solution of (DE) and one has
L(z) = Gyzl(20) and  L(g(2)) = Cg(z)wg(2)1(&(20))-
Since L(z) ~o €©'°8(2) then
Cg(zo)wg(z) = O'(L(Z)Lfl(Z())) ~2—0 cr(L(z))eXl Iog(zo).
Proposition 1

Let o be the letter morphism s.t. o(xo) = —x1 and o(x1) = —xo. Then
L(1-2)=0(L(2)Z. -

°It can be obtained by a Picard iteration, initialized at (Cyyenz|l+) = 1ola=.
OFor xo = A/2im and x; = —B/2im, (DE) is nothing else (KZs).
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Abel like results and bridge equations

Since!! L(z) = o(L(1 — 2))Z,, = '8 g(L,eq(1 — 2))e 110812 7 |
then L(z) ~; e 1'8(1=2)7 = and then H(n) ~,o Const(n)myZ ,, .

Theorem 1 (first Abel like theorem)
Iim1 e 18(1=2) 1 1(z) = 7y Z,, = lim Const(n) "H(n).
zZ—r n— oo

Corollary 2 (bridge equations)
Z = Bp)ryZ., <= Zuw =B'(n)ryZ., .

Remarque 1

On the one hand, by identification coefficients, for w € X*xq,
Cow (W) =(Z s [w) =fp,1 Lin(2), {(1—2)"log"(1 — 2)}acz ben.
On the other hand, by an w -modified Radford theorem, for w € Y™,
C (W) = (Zuws |w) = f.p., o JHou(n),  {nHP(n)}aez ben.
In particular?, ¢, (x1) = Cus (1) = 0.

By a Hoffman's duality, i.e. ¢(p(W)) = ¢(w) (where p is the morphism
defined by p(x0) = x1, p(x1) = Xxo and W is mirror of w), we get o(Z,} ) = Z ., .
12These coefficients of singular and asymptotic expansions can be changed if

we use other comparison scales.
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Cloned Abel like results and cloned bridge equations
Let € € Galc(DE) = {e“}cerieqxy and L:=Le¢,Z ,, =7, e°.
Hence, L(z) ~; e *'8(1=2)Z = and then H(n) ~, o Const(n)myZ ,, .

Theorem 3 (cloned first Abel like theorem)

. y1 log(1—2) T _ = — | —137
zlln16 myL(z) =7y Z nll>rr;OConst(n) H(n).

If13 7, € dm(A):={Z, e° | C € Lieal(X)), (e|x0) = (eC|x1) = 0}
then'* Z = e Z ., and it follows that

Corollary 4 (cloned bridge equations)
IfZ, €dm(A)thenZ,=B(y)ryZ ., <= Zw =B(n)rvZ.,, .

Remarque 2

Since {S;}iecynx and {X;}iccyny are homogenous in weight then the
local coordinates of Z ., and Z ,, are homogenous polynomial on
convergent polyzetas, with coefficients in A. Hence, if v ¢ A then ~ is
transcendent over the A-algebra generated by convergent polyzetas.

3dm(A) contains DM(A) introduced by P. Cartier and G. Racinet and it is a
strict normal subgroup of Gala(DE) (recall that Q C A C C).

YFor w € Y*, one has (Ziu |w) = f.p., . Hu(n), {n"HI(n)}sezpen
and (Z,|w) = £.p., . Hu(n), {n"log"(n)}sczver.
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STRUCTURE OF POLYZETAS
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Generalized Euler's gamma constante
Identifying the coefficients of yfw,w € X*, k € Nin Z, = B(y1)nyZ ,

one has

_ (=1) of S\ S\
b= 2 gt () e )
Example 5

[a—y

n1= 507 C@) = 0 - %@+ A ()

xo[(=x1)* 7w Txw i
2 Yytw —Z;C( el 1)/! ) (Z; bi,j('Y,—C(2),2C(3),...)),

where k € Ny, w € YT and b, k(t1, . .., tx) are Bell polynomials.

N

Example 6
ny = (7)) +CB)5) — F5¢(2)*

e = Py et (5)+2<( 3)C(2) - A7)

35
( )¢(3)* — 4¢(3)¢(5)-

)¢
+¢(6,2) + (2)
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Homogenous polynomials relations'® on local coordinates
Identifying the local coordinates in Z, = B(y1)nyZ,,, , one has

l [ Polynomial relations on {C(Z/)}IELan—{yl} “ Polynomial relations on {C(Sl)}leﬂynx—x

3 C(Zyzyl) = %C(Zm) ((SXOX]Z) = C(ngxl)

4 C(Ty,) = Z<(E,) Gay) = Z¢(Sxgn )’
(Tyayy) = FC(T,) ¢(52.2) = L¢(Sigm )?
C(F,,2) = 5¢E,) C(S,3) = §6(S0n)’

5 C(Zyzr) = 3C(Ty3)C(xy,) — 5C(2y) C(ngxlz) = _C(ngxl)C(SXOXI)+2<(5x4x1)
C(Eyn) = —C(E)(Ey) + 3¢(Ty) U2y = ~ 36050, + (52, )6(S50)
C(Ey2,) = 3C(ER)(E) — B(T) (S,2.3) = —C(S2,)¢(Sim) +26(58,)
Fp2) = 56E) S pmmpd) = 365,)
C(F,,3) = 36(ER)(Ey) + §6(Ey) S ) = (S,

6 C(Tys) = £<(5,)° Bgy) = B (S )
C(Eyayy) = C(Ty3) = 5 6(Ey,)? C(52) = ¢(Son)’ — 5¢6(52,)°
CEygn) = %C(zy2)3_ %C(ZB)Z C(ngxlxoxl) = ﬁC(Sxoxl)3
(Tyanyg) = —35C(E,)° + 3¢(Ey,)° (5a.3) = BelSgn)® — 52, )
C(Typpn) = 3¢(Ty)% — §5¢(5y,)° S2anpd) = 25 (S )’
€F,2) = H6ER) - §E,) US2.250) = —F0¢(S0n)’ + 3652, )7
(Fz2) = HCER) — 15y C528) = 5¢(Son)’ = 3¢S, )
C(F,,8) = 6=y S prmpd) = F8S0n)® — €(S2,)?
CE,8) = HC(EL)° + f50(5)° CS,08) = H<(Sgm)’

®These polynomials relations are independent from ~ and similarly for the

case where the ring of their coefficients is the ring A.
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Homogenous polynomials generating ker

{Q}ic LynY —{y1 } “

{Q/}/eLynx_x |

3 Ty — 72Y3) =0 C(anx 5 xl) =0
tu
. {5, E =0 g~ £50 =0
35 _ _
¢(Zy3m — 10 yz H=o0 C(ngxf - Esxoxl ) 0
2 _
Y 3ZYQ H=o0 I X0X1 ) =0
5 C(Xygy, —3%y3 L), —55)5) =0 C(ng 2 ngxl H SXOXI + 25, xl) =0
5 _ 3 _
Cygyy — By HIp) 4 355) =0 || G520 — 254 + 52, W Sox) =0
3
((Zygn — 3T, T, - BE)=0 ((ngxf 5,2, W Sxgxg +25 4 =0
55 )=
C(zy3y B ﬁ Tys) =0 ( x0x1X0X2 zsxgxl) 0
((Zy J3 Zy3 ES] ZY2) + 7 Xy5) =0 C(anx:‘ SX:\;X%) =0
[81N)
6 Gy — 35 yz =0 C(ngxl 3% ) =0
tilz 13y 6 U3 1ol 2y
oy — %y, zyz )=0 C(Sx“x% 35 01 2 5><2><1 )=0
i 3 1glkl2 PR
C(Zyey — 7Zy2 3%, D=0 83,0 105500 ) =0
L3 | oy lloy 23c W 3 w2y
C(ZY3Y1J/2 - 30 Zyz + Zzy3 ) =0 C(5X3X3 - ﬁsxoxl - ngx ) =0
3y 2 c W 3 _
C(Zyzyom — 3Zy3 - )=0 S Bxxgxf _ 105 SX0><1 )=0
3glila 3yl 8o o b3 +3
C(zmyf Ta0Ty, Tty =0 (s 2 T 2000 T 50 =0
2 til 2y _ 6 W3 1
C(Zyzzylz -5, 35, =0 C(ngxil — 35500 SX 2. )— 0
- Cgowd 2
C(zy:«;tuy b Lij =0 a3 ~ 21%0m 5X2X1 )=0
17 3 2y _
CEy8 — 5%, s, ) =0 S — Sugx Y=o

One has Ry C ker(, where

Ry:=(Q{Q} e £yny— {35 71Y*) }
Rx:=(Q{Q}iecyx—x, w ,1xx) |~
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Noetherian rewriting system & irreducible coordinates®®

[ [ Rewriting among {CCEDN eryny— 1y [[ Rewriting among (SN} e ynx—x |

3 C(Tyoy) — 3¢(Ty3) (Sp2) — Bay)

4 (Ty,) — 2¢(5,)° (Say) — 5c(sxm)2
(Tyap) — 5C(5,)? Sz2) — & ¢S )?

F,2) — 5<(E,) C(S,3) > 8¢(Snn)?

5 (Tray) — 3c<zy3)<(zy2)—5<(zy5) Gae) —c(sxle) Gox) 72605,
C(Zyyyy) — —C(Ey)C(Ey,) + 3 C(zy5) C(ngxlxoxl) - (561 +C(5X2X1) (Sxgxq)
€F,) — 36ER)(E,) - Bl(E) Sz — c(sz >(sx0x1)+2c( )
C(zy3y12) = () C(Sxoxlxox%) — 3 xxl)

Cx,,3) = FC(E)(Ey) + FC(5) C(Sg8) — <(5X4X1)

6 (Tyg) > 2Ty e) — 35<(sx0x1)3
C(Tyayy) = CTy)? — 56(Ty,)° (Sa2) — £ ¢(Sxn)® — %dsxgxl)z
C(Tysy) — 2¢(5y,)° — L¢(5,)? i) 125 ¢S )

CTyapy) = — 3T+ §¢(T)3)? (Sg3) — B¢ (Sxgry ) — C(S, 1)
C():y3y2y1) - 3C(zy3) —*C(zyg) C(SXSXMOX%) - 1055(5x0x1)
CE,,2) FC(Ey,)? = 3¢(zy,)? CS2a20) — 3156500’ + 3¢Sz, )
((Fz2) — He(my,)® - 2z, (Sz8) = H¢S0q)* — 3¢S,
C(E,,8) — 21<<zy2)3 CSppngd) 2 (Sxn)® — <<5ng1>2
C(E,8) = FE)" + 56(Ey)? CSg8) 7 55¢(Sgn)’

<
Z/%rz(x) (G Zl?rp(X) c---C Zﬁj(‘)() = UP>2Z/rr (X)

®The set of irreducible coordinates forms algebraic generator system for Z-
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Irr

Noetherian rewriting system & totally ordered L°(X)
|

l [ Rewriting among {Zihiccyny— {4y} “ Rewriting among {S1} cynx—x
T — 3% S T S
T, — %):52 sxgn — %sfoxl
Z«V3 n % 252 sxgxlz - % 530 X1
T2 iz, Sgd 257
Tyay, — 3LyzXy, — 5k SXSXIZ — —ngxl Sxoxq T ZSngl
Tun — ~“IpTpt+ 3T S@ara _%sxgxl + 52501
T2y 7 35T, - B 523 T "o %o T254,
T2~ B S 354k
3 7 4EnTn + 35 o T Sy
Ty % 232 ngxl - 3?5 530 x|
Ty ):,33 - 2471):32 sx[‘)‘xlz - %Sjtm - %Sigxl
Z)/5}/1 - %Ziz - %253 xgxlxoxl - ﬁsgoxl
Tann o B, +iT, o B0 ~ ngxl
Ty 3):,2V3 - %232 xex1x0x3 e 1(2]7553“1
Zy4y12 - %Ziz - %253 xozx%xoxl - 7%530& + %ngle
zy%ylz - %Ziz - %233 ngxf - %Sgtm -3 fgxl
Zyyf - 7112}3/2 Sx0x1x0x13 - %Sfoxl - %Xl
Y 05, T 55, Sgs 253
<2 < 5 <
Li(X) C - LGP(X) C oo C LF(X) = Upza L3 (X).

Vi€ LynY —{n}, € LI(Y)
vVl e LynX — X, S,

€ LX)

rr

<— @ =0.
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QU{Si}iecynx—x], w ,1xx)
Yibiecyny — (3] = Lyx)
Identification of local coordinates yields a family of polynomials {Q}iecyny,
homogenous in weight, and a family of algebraic generators Z2°(X) s.t. the
restriction ¢ : QL (X)] = Z = Q[Z2(X)] = Q[{<(p )}peﬁﬁf x)] is bijective.
Im¢ = 2 = Q[{<(p)}pecyz ()] and
(QUSi}iecynx—x], w ,1x+) = Rx © (QILF(X)], w ,1x+),

(QUZ }iecyny -yl w5 1y=) = Ry & (QILZ(Y)], v, 1y-).

kerC R because, for Q € ker ¢, two cases can occur:

S if @ € QL7 (X)] then @ =, Q' s.t. Q" € QL7 ()] and then
2. if Q € QL (X)] then Q =, 0.

ker ¢ is then an ideal generated by homogenous polynomials {Q;}iccynx-
If the decompositions and equalities above with the properties of the
announced complements hold, it would prove that ker ( is graded and

then Z is also graded because Im ¢ = QLy~ @ (Y — {y1})Q(Y)/ker ¢
(resp. Im ¢ = Q1x- @ xQ(X)x1 /ker ().

Now, let & := ((P), where Q(X) > P ¢ ker ¢, homogenous of weight n.
Each monomial {7, n > 1, is of different weight (because 2,2, C Z,4,).
Thus ¢ could not satisfy £” + a,_1£""1 4+ ... = 0 and then is transcendent.

Hence, Q[{¢(p)}pero=(x)] is graded and {C(p)}pegx (x).are transcendent.

irr

Im and ker of ( : @[{ —(Z,.1)
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Concluding remarks

For any | € LynX — X, one has | = y, (resp. | = xg_lxl). In particular,
>, =yn€ LynY and ngflxl = xé’_lxl € LynX. Next,

1. ¢(2) =¢(X,,) = {(Sxx ) is then irreducible and, by the Euler’s
identity about the ratio ((2k)/n2¥, one deduces then, for k > 1,
Ty = Yok ¢ Li2(Y) and Sar = =21 ¢ L£39(X),

2. %, . =Yont1 € L(Y) and sznxl = XO "x1 € L2(X).

Up to weight 12, the Zagier's dimension conjecture holds meaning that
Z-Slz(X) is algebraically independent:

rr

Z’%H( )* {C( X0X1) (Sxoxl) C(Sxoxl) C(ngxl) C(Sxox1x0x1)7<(5xgx1)v
C( x0x1x0x1) C(ngoxl) C( xoxlxoxl) C( XQXIXUXI) C(Sxoxfxoxls)}'
‘Ci%ru( ) - {SX0X17 x2x1 9 Sx(‘)‘xla Sxﬁxl’ SX(]X Xoxp s stxla Sxox1 Xox%s wax17
xox3x0x] 7 Dxox2xoxP s xoxlxl)xf}'
Zi%rlz( Y) = {C(zyz)v C(ZYB,)? C(Zy.s)v C(zﬁ)? C(zy3y15)7 C(zyg)v C(Zy3yl7)7
£<12 C(Zyu) C(Zyle) g(zy3y19)7C(zy22yf)}'
i (Y):{Zyzazyz’zymzﬁvz IDEAD NV TP XD HAVID EWY 1D

irr y3ypo yay{ Yoy “yayp o SyiyE 2
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