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HEREDITARY HEAD-NORMALIZATION

» » Head Normal Forms (HNF): terms t of the form:

AXq .. Xp XU Ly (p,qg = 0)
head variable head arguments
» A term is head-normalizing (HN) if it can be reduced
to a HNF (in a finite number of steps)

» » Normal Forms (NF): induction

b= Axr...xpxty.. ty (p,qg 2 0)

» A term is weakly normalizing (WN) if it can be re-
duced to a NF (in a finite number of steps)

» Inductively, a term is WN if it is HN and all the head
arguments are themselves WN.



INTRODUCTION GARDNER/DE CARVALHO'S ITS .#; THE INFINITARY CALCULUS A%l TRUNCATION AND APPROXIMABILITY

HEREDITARY HEAD-NORMALIZATION
» » Head Normal Forms (HNF): terms t of the form:

AXq .. Xp XU Ly (p,qg = 0)
head variable head arguments
» A term is head-normalizing (HN) if it can be reduced
to a HNF (in a finite number of steps)

» Coinductively, a term is hereditary head-normalizing
(HHN) if it can be reduced to a HNF and all the head
arguments are themselves HHN.
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KLOP’S PROBLEM

» The set of HN terms (resp. WN) terms have been statically
characterized by various intersection type assignement systems
(ITS).

» Klop’s Problem [early 90s]: can the set of HHN terms can be
characterized by an ITS ?

» Tatsuta [07]: an inductive ITS cannot do it.

» Can a coinductive ITS characterize the set of HHN terms?
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PURPOSES OF THIS TALK

» Present the key notions of truncations and approximability
(meant to avoid irrelevant derivations).

» Understand why commutative intersection (here, Gardner/de
Carvalho’s multiset intersection) is unfit to express those key
notions.

» Present the coinductive type assignment system S: intersection
types are sequences of types, instead of sets of types
(idempotent intersection fw.) or multisets of types (regular
non-idempotent fw.).
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TYPING RULES OF .#y (GARDNER/DE CARVALHO)

Types (1,0): 7,0, := a € Z | [o]ier — T.
Context (I', A): assigns intersection types to variables.

ax T, x: [0’,‘]1’61 Ht:oT

) . abs
x'[T]}_x'T Fl—)\x.ti[di]iel—)T

THt: [oilier—>7 (AikFu: Ui)iEI
- app
T+ > AFtHu):

i€l

Remark

» Multiset equality: [0, 7, 0] = [0, 0, 7] # [0, 7]
» Multiplicative rules: accumulation of typing information .

» Possibility to forget the argument (empty multiset).
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ax
x:lalkFx:a

x: o, By, o, B,a] = a] Fax:

ax
x:[BlFx:8 il Fxia
abs
FAvaxx: (o, 8, a, [, B,a] = a] = «
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SUBIECT REDUCTION PROPERTY FOR %()
IfIIoTkHt:7andt — ¢, then3I'>T Y . 7

(\x.r)s — r[s/x]

Axiom leaves

typing x inside II,

I, /

f———ax

(x:[o]Fx: 01 )ig .

: 1I; iel
T x: [oilier B 7 iT

abs :
I'EXxr: [oilier = T AiFs: o
app

'+ Aik(Axr)s:
i€l
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IfIIoTkHt:7andt — ¢, then3I'>T Y . 7

(\x.r)s — r[s/x]

I,
P ax
(x: [oi] b x: o] )ig _
Hz iel
Lox: [oflier Fr :T .
abs )
T'FXx.r: [Ui]iel_>7' AiFS: app
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SUBIECT REDUCTION PROPERTY FOR %()
IfIIoTkHt:7andt — ¢, then3I'>T Y . 7

(\x.r)s — r[s/x]

I,
P—————————ax
é(x3 [oi] Fx: )iez “association” )
Hi iel
I‘,x: [(T,‘]iell—r LT :
[ ] abs ’
'k Xxr: [ojlier — T Aiks:lo;
= : app

'+ Aik(Axr)s:
i€l
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Er—ax
M"H— : )iez “association”

Lox: [ofier 7

Hi iel
T
abs ’
T = vyt A Fs:
O7]7€] T i S-
Lt > Ar—xm)sT 7
i€l
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SUBIECT REDUCTION PROPERTY FOR %()
IfIIoTkHt:7andt — ¢, then3I'>T Y . 7

(\x.r)s — r[s/x]

11 iel

I, :
: Ail—S: (g7

r -I-ZA,‘. Fris/x]: T

icl

Vocabulary:
We say each association (between x-axiom leaves and arg-derivations)
yields a derivation reduct I’ typing r[s/x].
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SUBIECT REDUCTION PROPERTY FOR %()
IfIIoTkHt:7andt — ¢, then3I'>T Y . 7

(\x.r)s — r[s/x]

11 iel

I, :
: Ail—S: (g7

r +ZA1‘. Fris/x]: T

icl

Observation:
If a type o occurs several times in [o;];¢], there can be several associations,
each one yielding a possibly different derivation reducts IT’.
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NORMALIZABILITY RESULTS

Proposition
A term is HN iff it is typable in ..

Proposition

A term is WN iff it is typable in .4} by using an unforgetful
judgment.

Definition
Ajudgement I' - ¢ : 7 is unforgetful if there is no negative
occurrence of [ ] in I' and no positive occurrence of [ ] in 7.
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NORMALIZABILITY RESULTS

Proposition
A term is HN iff it is typable in ..

Proposition

A term is WN iff it is typable in .4} by using an unforgetful
judgment.

Definition
Ajudgement I' - ¢ : 7 is unforgetful if there is no negative
occurrence of [ ] in I' and no positive occurrence of [ ] in 7.

» []occurs negatively in [ | — 7

» If [ ] occurs negatively in o3 then [ ] occurs positively in [o1, 02, 03] — T
and so on.
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Abstraction \x.u

Application u v

» Position: finite sequence in {0,1,2}*,e.4.0-0-2-1-2.




INTRODUCTION GARDNER/DE CARVALHO'S ITS .#; THE INFINITARY CALCULUS A%l TRUNCATION AND APPROXIMABILITY
! !

oco-TERMS

®

Variable x Abstraction Ax.u Application u v

» Position: finite sequence in {0,1,2}*,e.4.0-0-2-1-2.
» Applicative Depth (a.d.): number of ,*-edges e.g.

ad(1-2-2-0-2-1-2) =4
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A% the set of co-terms f s.t.:

b is an infinite branch of t = ad(b) = oo

» Start from
bo (leaf) b € supp(t)
» Move 1 or \
» A leaf by must
be reached
b
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Definition

by .
A reduction sequence tg Lt t L h3.S ty by s strongly
converging if it is of finite length or if lim ad(b,) = oo
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ITY

Conclusion

A strongly converging reduction sequence (s.c.r.s) allows us to
define its limit.
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INFINITARY NORMALIZATION

» The notions of redex and head-normalizability do not change.

» The NF of A%! are generated by the coinductive grammar:

t=Ax1... \xpxty ...ty (p, g =0)

Definition (Infinitary WN)

A 001-term is WN if it can be reduced to a NF through at least one
S.C.I'S.
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INFINITARY NORMALIZATION

» The notions of redex and head-normalizability do not change.

» The NF of A%! are generated by the coinductive grammar:

t=Ax1... \xpxty ...ty (p,q=0)

Definition (Infinitary WN)

A 001-term is WN if it can be reduced to a NF through at least one
S.C.I'S.

» Thus, a (finite) term is HHN iff it is 001-WN.
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We can use the same derivation frame II] to type f(...)

Untyped
Subterm
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We can use the same derivation frame I} to type

Untyped
Subterm
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We can use the same derivation frame IT% to type f3(. . .)

Untyped
Subterm
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We can use the same derivation frame IT} to type f4(. . .)

Untyped
Subterm
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» How do we perform co-subject expansion on I’ (typing f*)?
» II, that types f“, cannot be expanded (yet).

» II;, that also types f*, cannot be expanded (yet)
> But ITk, that typesfk(AfAf), can be expanded.
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» How do we perform co-subject expansion on I’ (typing f*)?

IT’, that types f*, cannot be expanded (yet).

I1;,, that also types f*, cannot be expanded (yet).

But ITX, that types f* (ArAy), can be expanded.

H’;l yields a derivation IT, typing ArAy (after k exp-steps).

vV vy vyy

u]

]
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H’;l yields a derivation IT, typing ArAy (after k exp-steps).
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We can build a “join” of the II,, thus producing an infinite unforgetful
derivation II typing ArAy.
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IT’, that types f*, cannot be expanded (yet).
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But ITX, that types f* (ArAy), can be expanded.

H’;l yields a derivation IT, typing ArAy (after k exp-steps).
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We can build a “join” of the II,, thus producing an infinite unforgetful
derivation II typing ArAy.

» Derivation II features a type  coinductively defined by the
fixpoint equation v = [7], — a.
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INFINITARY SUBJECT EXPANSION

» How do we perform co-subject expansion on I’ (typing f*)?

IT’, that types f*, cannot be expanded (yet).

I1;,, that also types f*, cannot be expanded (yet).

But ITX, that types f* (ArAy), can be expanded.

H’;l yields a derivation IT, typing ArAy (after k exp-steps).

vV vy VvV VvVYy

We can build a “join” of the II,, thus producing an infinite unforgetful
derivation II typing ArAy.

» Derivation II features a type  coinductively defined by the
fixpoint equation v = [7], — a.

» Type v allows to type AA. Need for a validity criterion.
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» Informally, see a derivation II as a set of symbols (type variables
a or — that we found inside each jugdment of P).

» A (finite) approximation ‘TI of a derivation II is a finite subset of
symbols of IT which is itself a derivation. We write fTT < TI.
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APPROXIMABILITY (HEURISTIC)

» Informally, see a derivation II as a set of symbols (type variables
a or — that we found inside each jugdment of P).

» A (finite) approximation ‘TI of a derivation II is a finite subset of
symbols of IT which is itself a derivation. We write fTT < TI.

» A derivation Il is said to be approximable if for all finite subset
B of symbols of T, there is an approximation II < II that
contains B.
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()\x,r)s Assume oy = 0.
» Possible in II:
#1 — I, #2 — I
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NON-DETERMINISM AND TRUNCATION

:
Assume o1 # oy

» Not possible in IT:
#1 — I, #2 — 14
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NON-DETERMINISM AND TRUNCATION

()\X.T’)S Assume o1 # oy

» Not possible in IT:
#1 — I, #2 — 14

ny

> Iffo; =foy, possible in fp.

fH1 fHZ
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» Type (metavariable S, T): coinductive grammar
Si, T ::

=a€ 2| (Shkex = T
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» Type (metavariable S, T): coinductive grammar

S, T =

=acZ|(Sthex =T
» Sequence Type:

» Intersection type replacing multiset types.
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» Type (metavariable S, T): coinductive grammar

a €2 | (Sehex = T
» Sequence Type:

» Intersection type replacing multiset types.

» F = (Ti)kek where Ty types and K ¢ N — {0,1}
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» Type (metavariable S, T): coinductive grammar

a €2 | (Sehex = T
» Sequence Type:

» Intersection type replacing multiset types.
» F = (Ti)kek where T types and K ¢ N — {0,1}.
» Example (Sequence Type): (Ti)x=2,38 WithT, =Tg =Sand T3 = S'.
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Sk7 T e—

» Type (metavariable S, T): coinductive grammar

a €2 | (Sehex = T
» Sequence Type:

» Intersection type replacing multiset types.

» F = (Ti)kek where T types and K ¢ N — {0,1}.
» Example (Sequence Type): (Ti)x=238 WithT, =Tg =Sand T3 = &’
Fo S 9 S

8 3

|
2 <«— argument tracks (2,3,8)
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TYPES OF S

» Type (metavariable S, T): coinductive grammar
S5, T := a € VA | (Sk)kEK —T

» Sequence Type:
» Intersection type replacing multiset types.
» F = (Ti)kek where T types and K ¢ N — {0,1}.
» Example (Sequence Type): (Ti)x=2,38 WithT, =Tg =Sand T3 = S'.
!/
F— S S S

| | |
8 3 2 <«— argument tracks (2,3,8)

» Example (Arrow Type): ... = T.
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» Sequence Type:
» Intersection type replacing multiset types.
» F = (Ti)kek where T types and K ¢ N — {0,1}.
» Example (Sequence Type): (Ti)x=2,38 WithT, =Tg =Sand T3 = S'.
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» Example (Arrow Type): ... = T.

T

1
“——— Track 1 dedicated to
the @ side of arrow

root
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» Type (metavariable S, T): coinductive grammar
S5, T := a € VA | (Sk)kEK —T

» Sequence Type:
» Intersection type replacing multiset types.
» F = (Ti)kek where T types and K ¢ N — {0,1}.
» Example (Sequence Type): (Ti)x=2,38 WithT, =Tg =Sand T3 = S'.
!/
F— S S S

| | |
8 3 2 <«— argument tracks (2,3,8)

» Example (Arrow Type): F — T.

S s’ S T

8 3 \2 1

“——— Track 1 dedicated to
the @ side of arrow

root
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The set Deriv of rigid derivations is coinductively generated by:
ax
x: (Tkx:T

Ckt: T
abs
C—xkXxt: Clx)—>T
(Dkl—u: Sk)keK
a
CUUDiFtu:T PP
keK

Ckt: (Sk)keK_yT
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LITY

The set Deriv of rigid derivations is coinductively generated by:
ax
x: (Tkx:T

CkHt: T
abs
C—xkFXxt: Clx)—>T
Cht: (Shhexk =T (Dkbu: Sp)ew  (Sklkex = (Spkex
CUUDgFtu:T
kekK

app

» For the app-rule: syntactic equality.
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DERIVATIONS OF S

The set Deriv of rigid derivations is coinductively generated by:

- ax CHt: T
x: (Tkbx: T C—xFat: Cx) =T

abs

Ckt: (Sk)keK_yT (Dkl—u: Sk)kEK

a
CUUDiFtu:T PP
keK

» For the app-rule: syntactic equality.

» Warning !
If Rt(C) and the Rt(Dy) are not pairwise disjoint, contexts are
incompatible.
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DERIVATIONS OF S

The set Deriv of rigid derivations is coinductively generated by:

x: (Tekx: T C—xFat: Cx) =T

abs

Ckt: (Sk)keK_>T (Dkl—u: Sk)kEK

a
CUUDiFtu:T PP
keK

» For the app-rule: syntactic equality.

» Warning !
If Rt(C) and the Rt(Dy) are not pairwise disjoint, contexts are
incompatible.

» Parsing: premise of abs on tr. 0, left premise of app on tr. 1.
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» Subject reduction is deterministic:

» Assume P types (Ax.r)s. If there is an axiom rule typing x on track 5

(#5-ax), by typing constraint, there will also be an argument derivation Ps
typing s on track 5, concluded by exactly the same type S5
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» Subject reduction is deterministic:

» Assume P types (Ax.r)s. If there is an axiom rule typing x on track 5
(#5-ax), by typing constraint, there will also be an argument derivation Ps
typing s on track 5, concluded by exactly the same type S5

» During reduction, #5-ax will be replaced by Ps, even if there are other Py
concluded by S = S5
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MAIN FEATURES

» Subject reduction is deterministic:

» Assume P types (Ax.r)s. If there is an axiom rule typing x on track 5
(#5-ax), by typing constraint, there will also be an argument derivation Ps
typing s on track 5, concluded by exactly the same type S5

» During reduction, #5-ax will be replaced by Ps, even if there are other Py
concluded by S = S5

» Trackability: every symbol used inside P can be pointed at
univocuously. Notion of biposition.
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THE INFINITARY CALCULUS A%l TRUNCATION AND APPROXIMABILITY

P

A := supp(P) C N*
Right biposition (a, c)
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pos. a

A := supp(P) C N*

Left of +

» x variable.

» (Ti)kex = C(x)

» ke Kand c € supp(Tk).
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A := supp(P) C N*
Ckt:

pos. a

Bisupport of P: the set of (right or left) bipositions
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APPROXIMABILITY

» Every symbol inside a rigid derivation P has a biposition (a
position pointing inside a type nested in a judgment of P).

> A finite part B of P is finite subset of bisupp(P).

> A finite approximation of P is a (finite) derivation induced by P
on a finite part of P.

» A rigid derivation P is said to be approximable if for all finite
part B of P, there is a finite approximation fP < P s.t. P contains
B.
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Theorem

A 001-term t is WN iff t is unforgetfully typable by means of an
approximable derivation.
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it is head normalizing. Unforgetfulness makes HN hereditary.
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CHARACTERIZATION OF INFINITARY WN

Theorem
A 001-term t is WN iff t is unforgetfully typable by means of an
approximable derivation.

Argument 1: If a term is typable by an approximable derivation, then
it is head normalizing. Unforgetfulness makes HN hereditary.
Argument 2: Subject reduction holds for s.c.r.s. (with or without
approximability condition).

Argument 3: Every NF can be typed by quantitative unforgetful
derivations and every quantitative derivation typing a NF is
approximable.

Argument 4: Subject expansion property holds for s.c.r.s. (assuming
approximability only).
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FUTURE WORK?

» Representation Theorem: every .#-derivation is the collapse of
a S-derivation (already done, HOR 2016).

» Can we reformulate approximability ?
» Can infinitary Strong Normalization be characterized ?

> Is every term typable in S (without approximability) ?
Yes ! S is completely unsound (difficult because of relevance).

» Categorical Adaptation of this framework (ongoing work with D.
Mazza and L. Pellisier).
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Thank you for your attention !
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EXPANDED DERIVATIONS

Yn—1 TYn—2 71

\ /

([] = aifn =1)
[a] = «

» U, is the left subderivation.

» v =[] = aand v, = [yilici<cn-1 = .

» II, is the n-expanded of I, the (1 + 1)-expanded of I1*1,..., the

oo-expanded of IT),.

=] F
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» U is the left subderivation.
> v =[]w =

» II, is the n-expanded of 1%, the (1 + 1)-expanded of IT"+1,..., the
oo-expanded of IT/,.

[m]

&
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S/

> (Sphkex =T = (S;/{)keK’ — T"if (Sp)kex = ( k)k’EK’ andT=T".
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» The relation = (between types or seq. types) is defined
coinductively:

> a=a.

> (Shkex = T = (Sphkexr — T if (Sp)rex = (

S]/()kIEKI andT=T'.
> (Sk)kek = (Sp)kex if there is a bijection p : K — K’ s.t. Vk € K, S =S

’

o(k)°
» We set Types_, = Types / =.
The set of multiset types is STypes / =.
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SYSTEM .#

» The relation = (between types or seq. types) is defined
coinductively:

> a=a.
> (Sk)keK —T= (S]/{)kEK’ — T if (Sk)kEK = (S]/()k’EK’ and T=T'.

> (Sk)kek = (Sp)kex if there is a bijection p : K — K’ s.t. Vk € K, S; = S;(k)'

» We set Types_, = Types/ =.
The set of multiset types is STypes / =.

» To obtain System .#, take the rules of .#, coinductively (with
those types and multiset types).
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