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Conceptual clustering

> Goal: Organizing a set of objects by
building conceptual hierarchies

> Set ofi classes (clusters) organized
using a generality order

> Eachi class has a symbolic description
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Conceptual clustering

> Prediction

> Modelisation ofi a domain: summarizing
large data sets

» Data structures: partitions, hierarchies
(strict or not), lattices. ...
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Galois lattices

> Principle: generate all possible distinct
clusters w.r.t. a set of Instances and a
given language

> But: complexity iIssues
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A \Y
Basic classes

Propositionnal terms

(electronic catalo g) > Q Q .. Q

Refinements

Coarse lattice :
size®=tall,small

form®=square,circle

size X color*=blue,pink
form

Alpha
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Definitions alpha
Comparaison avec les treillis de

concepts frequents
[Regles alpha
Trravaux en cours
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Galois Connections

Let m1: P'— Q and m2: Q — P be
maps between two ordered sets (P,<)
and (Q,=). Suchi a pair of maps Is
called a I

Pl =p2= mi(pl1)=mi(p2)

g1 = g2 = m2(gl) = m2(g2)

p = m2(md(p)) and g = mi(m2(q))




Galois connection: an
example

> Let /nt and ext be two maps such that:
> Int;: P(7) — L and ext. L — P(1) with:

. Int(e1) = set of attributes common to  the
Instances in el (Least Common Subsumer)

ext(c1) = set of instances which have all
attributes in c1 ({i € 1 such that i /sa c1})

Int and ext define a Galois connection
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Trelllis de Galois

- Let G = {(c,e) such that c Is a closed term
of L (c = Int(e)) and e is a closed element

of P(1) (e = ext(c)}

. G with = such that (c1,e1) = (c2,e2)
el C e2 denoted as G(/nt,ext) I1s a Galois
lattice
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Instance descriptions

t2 (R as a7
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I

A Galois lattice

{a3,a6},

{11,i2,15,16.17 .18 }

*

{i2,i8)

|{a3,a5,a6},

{tl,a3,a6},
{il,i2}

f

{a6}
{i1.i2.i3.i4.i5.,i6.i7.i8}

N

{a6.,a8},
{i1,i3,i5,i6,i7,i8}

{a4,a6},
{il.i3.i4}

b T~ 14

(12,6},
{i3.i4.i5}

{a3,a6.,a8},
{i1,i5,16,17,i8}

{a4,a6,a8},
{il,13}

{t3,a3,a6,a8},
{61718}

{t2,a6.,a8},
{i3,i5}

(12,2426},
{i3.i4}

il 3,
til}

{tl,...J,
U2}

{2,..},
{i5}

t3,...},
{i8}

[2,.x
{13}

"

{t1.t2t3,a3,a4,a5,a6,a7,a8},
{0
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Frequent concept lattices

> Closed freqguent item sets organized in a
|attice

{a3,a6},
{i1,i2,i5,i6,i7,i8}
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1. Alpha definitions

» Change the extensional map (ext)
according to a partition ofi data

> EX: the attributes t1, t2 and t3 express the
type of the instances, they allow us to
construct 3 basic classes BC1, BC2, BC3
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Basic classes

BC2={i3,i4,15},
Int(BC2)= {t2,a6} 3
BC3={i6,i7,i8}, id
IN(BC3)= i5
113,a3,a6,a6} i6
i7
i8
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Alpha Galois lattices

» Alpha satisfaction: let o« be a number

belonging to [0,100]. Let e be a subset of
instances and T a term of the language:
e alpha satisfies T (e sat_ T) iff

lext(T)| =z |e] . e« /100
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Alpha Galois lattices

Alpha membership relation :
1 isa,, I iffi/sa T and BCI(i) sat,, T
Alpha extension: let 7 be a set of instances,
BC a set of basic classes, and T a term:

ext (1) = {l € 1such that i /sa_ T}
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Alpha extension

> ext (T) =1 € 7such that
Il/sa T and BC(i)sat , T}

T={a6,a8}

ext(T) = exty,(T)=

i1, 13,15, 16,1718}
extso( )= {i3,15, 16,i7,i8}
extoo(T)={16,i7,i6}

i3
i4
i5
i6
i7
i8

Journeéesithematigues AAED!06




Alpha Galois lattices

- Let G = {(c,e) such that c Is a closed term
of L (c = Int(e)) and e is a closed element

of a subset of P(7) (e = ext  (c)}

- G(int, ext ) with = such that (¢1,e1) =
(c2,e2) iff e1 C e2 is a Alpha Galois
lattice nested in G(/int,ext)

Journeéesithematigues AAED!06




(a6}, {il {2353 5 16,175

_______.-J"'

{33287, {1li2 36,4787 | BC LBC3

._____,_.-"

{tLadaty, {il i |BC

T

1 [iv5,a506 a5} 116,07 &} BC

F| v2,a6), £i5i4,57

(L XS 23 2020 27 a8t 1}
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2. Comparison

> One basic class : alpha Galois lattice =
frequent concept lattice

> Several basic classes : local freqguency vs
global frequency
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Experiments (Cnet)

products
basic classes

attributes

attributes (average) tor a basic class
description
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Experiments

100 98 96 94 92 91
211 6]67%; 8198 |[44021 | 100734 | 165369

.......a global view 1s untractable
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Experiment 1:

alpha vs frequent

Frequent and Alpha Lattices

3 not homogeneous classes :

e LLaptop 252 instances (39
alpha attributes)

H-D 45 instances (22 attributes)
N-S 4 instances (16 attributes)
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Experiment 1

a =100 — 92 : a node appears under Hard-Drive : products sold with
« support » (42 on 45). This attribute is not globally frequent (42 on 301).

a = 0 — 6 :nodes are removed under Laptop: the attribute

DigitalSignalProcessor is really unfrequent (exceptional attribute)
ext,({laptop,..., DSP}) =0

Journeéesithematigues AAED!06




Experiment 2 :

Alpha vs Frequent
24 homogeneous classes

nodes number

SPERAVE RN PP

Few attributes are globally frequent
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(pseudo) Classification des
especes

- mammals insects birds -

A C ] E F G
mammals Has_Wings Has_Feath... Has_Hairs Viviparous Has_Teats
cow 0
flying_squi...
tiger
rabbit
platypus
bat

f N " '
- mammals insects birds -

A C ] E F G H
insects Has_Wings Has_Feath... Has_Hairs Viviparous Has_Teats Oviparous
ant 0 0 0 0 0 X
bee X 0 0 0 0 X
wasp X 0 0 0 0

I ] - 1
- mammals insects birds -

] E F G

Has_Feath... Has_Hairs Viviparous Has_Teats
0

0
0
X
0




Les concepts alpha = 100%

*i={}
* E={ant, bat, bee, condor, cow, duck, Flying_squimrel, ostrich, pigeon, platypus, rabbit, tiger, wasp}

¥ 8

* |={Oviparous| * |={Has_Hairs, Has_Teats}
* E={ant, bee, condor, duck, ostrich, pigeon, platypus, wasp} * E={bat, cow, flying_squirel, platypus, rabbit, tiger}
* G={[Oviparous ]} * G={[Has_Hairs], [Has_Teats]}

\ (Insects and Birds) Has_Hairs ss1
i Has_Teats

(mammals)

* |={Flies, Has_Feathers, Has_Hairs, Has_Teats, Has_Wings, Oviparous, Viviparous}
*E={}
* G={[Flies], [Has_Feathers], [Has_Wings], [Viviparous], [Has_Hairs, Oviparous ], [Has_Teats, Oviparous ]}
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Les concepts alpha=80%

*I={}
/&m bat, bee, condor, cow, duck, flying_squimel, ostrich, pigeon, platypus, rabbit, tiger, wasp}
| \a

* |={0viparous} * |={Has_Hairs, Has_Teats}
* E={ant, bee, candor, duck, ostrich, pigeon, platypus, wasp} * E=ihat, cow, flying_squimel, platypus, rabhit, tiger]
* G={ [ Oviparous ] } * G={[Has_Hairs |, [Has_Teats]}

2

* |={Has_Feathers, Has_Wings, Oviparous}
* E=jcondor, duck, ostrich, pigeon}
* G={[Has_Feathers], [Has_Wings]}

* G={[Viviparous |}
Vivaparous => Has_Hairs
regle vraie mais de support nul pour alpha =100
(mammals (except platypus))

Has_feathers => Oviparous
regle vraie mais de support nul pour alpha =10
(birds (exceptplatypus))

13
* |={Flies, Has_Feathers, Has_Hairs, Has_Teats, Has_Wings, Oviparous, Viviparous
*E={}
* G={[Flies], [Has_Feathers, Has_Hairs], [Has_Hairs, Has_Wings ], [Has_Hairs, Owviparous], [Has_Fe




Les concepts originaux

* =i}
* E={ant, bat, bee, condor, cow, duck, flying_squimel, ostrich, pigeon, platypus, rabbit, tiger, wasp}

@ 18

* |={Flies] * |={0viparous}
* E={bat, bee, condor, duck, Flying_squirel, pigeon, wasp! * E={ant, bee, condor, duck, ostrich, pigeon, platypus, .mp]
* Ge={ [Flies]} * G={[Oviparous |}

*I-IHns_Hmls Has_Teats}
@ * E={bat, cow, flying_squimel, platypus, rabbit, tiger}
* |={Has_Wings} * G={[Has_Hairs], [Has_Teats]}
* E={bat, bee, condor, duck, cstlﬂumwnmaspl
* G={[Has_Wings]}
1 25
* |={Has_Wings, Oviparous}

* E={hee, condor, duck, usnmmmmmspi ﬂ-ims_uus Has_Teats, Oviparous |
* G={[Has_Wings, Oviparous]} * E={platypus}
* G={[Has_Hairs, Owviparous ], [Has_Teats, D\mams]i

* |={Flies, Has_Wings}
* E={bat, bee, condor, duck, pigeon, wasp}
* G={[Flies, Has_Wings]}

* |={Has_Hairs, Has_Teats, Viviparous}
* E={bat, cow, Flying_squirel, rabbit, tiger}
* G={[Viviparous ]}

* |={Has_Feathers, Has_Wings, Oviparous}
* E={condor, duck, ostrich, pigeon}
* G={[Has_Feathers]}

* |={Flies, Has_Hairs, Has_Teats, Viviparous}
* E={bat, flying_squimel}
* G={[Flies, Has_Hairs], [Flies, Has_Teats], [Flies, Viviparous ]}

* |={Flies, Has_Wings, Oviparous}
* E={bee, condor, duck, pigeon, wasp}
* G={[Flies, Oviparous]}

* |={Flies, Has_Hairs, Has_Teats, Has_Wings, Viviparous}
* E={bat}
* G={[Has_Hairs, Has_Wings], [Has_Teats, Has_Wings], [Has_Wings, Viviparous]}

projection alpha = 20%

30
* |={Flies, Has_Feathers, Has_Wings, Oviparous}
* E={candor, duck, pigeon] 3
* G={[Flies, Has_Feathers ]}

31
* |={Flies, Has_Feathers, Has_Hairs, Has_Teats, Has_Wings, Oviparous, Viviparous}

N 30

* G={[Oviparous, Viviparous], [Has_Feathers, Has_Hairs], [Has_Feathers, Has_Teats)], [Has_Feathers, Wiviparous], Flies, Has_Hairs, Owiparous], [Flies,




Les concepts alpha=20%

*i={}
* E={ant, bat, bee, condor, cow, duck, flying_squimel, ostrich, pigeon, platypus, rabbit, tiger, wasp}

15

14
| * l={0Oviparous B
* |={Flies} ) ) * |={Has_Hairs, Has_Teats}
; ; ) * E={ant, bee, condor, duck, ostrich, pigeon, platypus, wasp} - T L
* E={bat, bee, condar, duck, flying_squirel, pigeon, wasp} | | 3 * E={bat, cow, flying_squimel, platypus, rabbit, tiger]
* G={[Flies ]} G| [ I * G={[Has_Hairs |, [Has_Teats]}

* |={Has_Wings, Owviparous} 2c 17

* E={bee, condor, duck, ostrich, pigeon, wasp} £ :E;““—H"—'"‘;' SR el * |={Has_Hairs, Has_Teats, Viviparous}
* G={[Has_Wi platypus . - jel, rabibit, tiger]
* G={[Has_Hairs, Oviparous], [Has_Teats, Oviparous |} st o, Kb E e, !

Has_Wings=> Ovipa * G={[Viviparous |}

regle fausse pour alpha =0%

Y K-

* |={Has_Feathers, Has_Wings, Oviparous}

IES, = L * E={condor, duck, ostrich, pigeon} —
* E={bee, condor, duck, pigeon, wasp} * G={[Has_Feathers]} * |={Flies, Has_Hairs, Has_Teats, Vivi i
* G={[Flies, Has_Wings], [Flies, Oviparous]} - ot tyogsqurs)

* E={bat, flying_squimel}
2 * G={[Flies, Has_Hairs], [Flies, Has_Teats], [Flies, Viviparous |}
23

* |={Flies, Has_Feathers, Has_Wings, Owviparous}
* E={condor, duck, pigeon}
* G={[Flies, Has_Feathers ]}

24 3
* |={Flies, Has_Feathers, Has_Hairs, Has_Teats, Has_Wings, E'v'paruﬁ. Wiviparous |
* E={}

*E—i m rous, ‘u"m' rous |, [Has_Feathers, Han5=Ha'|rs]. []-hs=Faaﬂws. Has_Teats|, [Has_Feathers, Viviparous |, [Has_Hairs, Has_Wings |, [Has_Teats, Has_W 3




4. Alpha rules

int(ext({squarey})) = {square, blue}
sguare — square,blue (implication rule)
sguare ==> square,blue, small (association rule)
Int(ext,_ ({square})) = {square, blue, small}
sguare — , square,blue, small
> Iftl —, t2 and't2 —  tSthentl — 13
> If 11 — 12 thenforallor > o t1h— , 12
— Transitivity, monotoenicity
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Alpha Association rules

Definition 11 An a-association rule is a pair of terms T1 and Ts, denoted as
T1 — o TQ.
The support and confidence of an a-association rule r="T) —, 15 are defined

as follows :

a-supp(r) = |e"’3ta(|7;|1UT2)|

|€$t T1UT2)|
a-conf(r) = en (T

The «-association rule r= Ty —, Ty holds on the pair (I,BC) whenever
a-supp(r) > minsupp and a-conf(r) > minconf.
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Guigues-Duquenne and
Luxenburger Bases of 100-Rules

Alpha =100
Reégles exactes GD
R :

El:

RZ:

B3

Régles approximatives L
B4 :

R5:

Alpha = 6l

Reégles exactes GD
R :

El:

RZ:

B3

B4 :

Régles approximatives L
R5:

Ré&:

K7

Es:

R4

E10:

— ab

tl — a3
13 — a3 al
ad — 13 a3

ab — a3
ad atg — 13 ad

— ab

tl — a3
13 — a3 al
ad — 12
ald a¥ — 13

ah — a3

afh — ak

(2 abh — ad
12 a6 — ai
ald ab — 13 a¥
ab a¥ — 13 a3

Supp = 0.25
Supp = (0037
Supp =0.75

Supp = .62
Supp = 0.37

Supp=1.0
Supp = 0.25
Supp = (0037
Supp = 0.37
Supp = .62

Supp = .62
Supp = (.62
Supp = 0.25
Supp =025
Supp = 0.37
Supp = 0.37

Conf=1.0
Conf=1.0
Conf=1.0

Confl = 0.62
Conl =06

Conf= 1.0
Conf=1.0
Conf=1.0
Conf=1.0
Conf =10

Conf = 0.62
Conf = 0.62
Conf = .66
Conf = 00.66
Conf =0.6
Conf =0.6

Rules extracted
from a
« Frequent » Alpha lattice



Travaux en cours

» Construction incrementale de TG alpha
> Generalisation des treillis alpha
> Irelllis de Galois - alpha
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= |={a3, a6, t1}
» E={il,i2}

54

» |={a3, ad, a5, a6, a7, a8, t
. E-f)

?»{zr 3}

' n n n
o
® |={a6, 12}
pp=0.6 ® E={i3, 14, 5}
89 90
» %l={a4, a6, 12} ® |={a6, a8, t2}
® E={i3, i4} ® E={i3, i5}
/ 91
® |={a3, a4, a5, a6, a7, a8, 11, t2, 13}
« |={a6} s E={}
» E={il, i2, i3, i4, i5}
6
® I={a6, t2}
» E={i3, i4, i5}

61
® |={a3, af, t1}
® E=|il, i2}

64
» |={a4, a6,
» E={i3, i4}

t2}

» |={a3, a4, a5, ab, a7, aB, t1, t2, t3}

s E={l




Merging Frequent lattices

» |={a6}
» E={il, i2, i3, i4, i5}

62
» |={a6, 12}
» E={i3, i4, i5}

64
® |={a3, af, t1} » |={a4, ah, 12}
® E=|il, i2} » E={i3, i4}

» |={a3, a4, a5, ab, a7, aB, t1, t2, t3}
» E={]

Classes 1+2
(Alpha=60)

Classes 14+2+3
(Alpha=60)

= |={a3, a6, a8, t3}
Class 3 = E=lif, i7, iB}

(minsupp=60)

58
= |={a3, a4, a5, ah, a7, ab, t1, t2, t3}
= E=i}

® |={a6}
» E={i1, 12, i3, i4, 5, i6, i7, 8}

72 73

* |={a3, a6} » |={a6, a8} ® |={a6, 12}
® E={i1,12, 6,7, B} » E={i3, 5, 6,7, iB} » E={i3, i4, IS}

78

® |={a3, a6, a8, 13} e |={a3, a6, t1} ® |={a6, a8, tZ} ® |={a4, a6, t2}
® E={i6, I7, (8} ® E={i1,i2} ® E={i3,15} i E={i3, i4}

» |={a3, a4, a5, a6, a7, a8, t1, t2, t3}
» E={}




Experiment

> Merging 24 frequent lattices to obtain an
Alpha lattice :

-
o
o
@]

vl
[

—e— Alpha 0%

—- Alpha 30%
Alpha 80%

- Alpha 100%

Nombre de Noeuds

0 ﬁﬂmﬂm. |
0 5 10 15 20
Nombre de Classes
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The overlaping case

BC2 »ext (1) =

BCl1
{1 € 1 such that
l/sa | and
there exists BCk such that:

- € BCk and BCksat, T}

j> A generalized definition of Alpha Galois lattices
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Treillis de Galois - alpha

> Affaiblissement de |la notion d’extension; :

ext (A)={1E 1telles que I/sa A
BC(i) sat ,6 A}
. Sl on garde la fonction Int, la

composition de int et ext _, n'est pas un
operateur de fermeture

Ex: ext_ (Vole) = {titi, bip-bipy Int({titi, bip-bip} ) =
{bec, plumes, ailes}
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Treillis de Galois - alpha

Ajout de connecteurs de type defaut
exception : o et €

Subsomption : 6Vole subsume Vole et VVole*

On sature les instances avec des proprietes

exceptionnelles (bip-bip est saturee avec
\/ole®)

Int s'appligue sur les instances saturees
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Ext Moins-alpha: défauts et
exceptions.

classe CB1 ={0}
- classe CB2={1,2,3}

origina avec moinsalpha = 66 %

I . s
original

1
2
3

[ 5 & & 1
. original  moinsalpha

x est absent de I’instance 1, mais
- présent dans plus de 66 %
mainsalpha x® .
0 des instances de la classe CB2,

1 X est présent dans plus de 66 % donc xtest ajouté a ’instance 1 ainsi
; des instances de la classe CB2 que S5x-

donc x est ajouté a I’instance 1.

I . w . . 1
_original  moinsalpha  moinsalphade

A (1

mainsalph...
0

1
2
3
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Treillis de concepts

o 1={} . 1={}
e E={0, 1, 2, 3} e E={0, 1, 2, 3} * I={}
s« E={0, 1, 2, 3}

5 ©
clelyl S eleix -
¢ E={0,1} eE={1,2,3}

® I={dy, y} ® |={dx}
@3 oE=0, 13| / eE-q1, 2, 3}

* I={x, y}

o |={dx, dy, ex, y} |®I=ldx, x}
e E={1} * E={2, 3]

17
e |={dx, dy, dz, ex, ey, ez, x, y, Z}
Treillis de I’extension ® E={}

moinsAlpha approchée

Treillis original

Treillis original étendu par les
connecteurs O et €
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Apprentissage supervise et
1G

> Principe general : construire et comparer
des TG construits avec et sans utilisation
d'un etiguetage

> INotion d’extension exclusive (projection
vers le top)
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Conclusion

> Evaluation d'algoerithmes de clustering
> Raisonnement alpha

> Liens apprentissage sSUpervise et non
SUPErvise
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