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Conceptual clusteringConceptual clustering

 Goal:Goal: Organizing  Organizing a set ofa set of objects objects by by
building building conceptual hierarchiesconceptual hierarchies

 Set of classes (clusters) Set of classes (clusters) organizedorganized
using using a a generality ordergenerality order

 EachEach class has a class has a symbolic  symbolic descriptiondescription
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Conceptual clusteringConceptual clustering

 PredictionPrediction

 ModelisationModelisation of a of a domain domain:: summarizing summarizing
large data setslarge data sets

 Data structures: partitions,Data structures: partitions, hierarchies hierarchies
(strict or not), (strict or not), lattices lattices ……



JournJournéées thes théématiques AAFD'06matiques AAFD'06 44

Galois Galois latticeslattices

 PrinciplePrinciple: : generate all generate all possible distinctpossible distinct
clusters w.r.t. a set clusters w.r.t. a set of of instances instances and and aa
given languagegiven language

 But: But: complexitycomplexity issues issues
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1.1. DDééfinitions alphafinitions alpha

2.2. Comparaison avec les treillis deComparaison avec les treillis de
concepts frconcepts frééquentsquents

3.3. RRèègles alphagles alpha

4.4. Travaux en coursTravaux en cours
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Galois ConnectionsGalois Connections

 Let m1: P Let m1: P →→  Q Q and and m2: Q m2: Q →→  P P bebe
maps between two orderedmaps between two ordered sets (P, sets (P,≤≤))
and and (Q,(Q,≤≤). ). SuchSuch a pair  a pair of maps isof maps is
called called a a Galois Galois connectionconnection  if:if:

1.1. p1 p1 ≤≤ p2  p2 ⇒⇒ m1(p1)  m1(p1) ≥≥ m1(p2) m1(p2)

2.2. q1 q1 ≤≤ q2  q2 ⇒⇒ m2(q1)  m2(q1) ≥≥ m2(q2) m2(q2)

3.3. p p ≤≤ m2(m1(p))  m2(m1(p)) and and q q ≤≤ m1(m2(q)) m1(m2(q))
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Galois Galois connectionconnection: an: an
exampleexample

 Let Let intint and  and extext be two maps such that be two maps such that::

 intint: : PP((II)  )  →→  LL  and and extext: : LL  →→  PP((II) ) withwith::

•• intint(e1) = set (e1) = set of attributes common of attributes common to to thethe
instances in e1 (instances in e1 (LeastLeast  Common Common Subsumer)Subsumer)

•• extext(c1) = set(c1) = set of of instances  instances whichwhich have  have allall
attributesattributes in c1 ({i  in c1 ({i ∈∈  II  such that such that i i isaisa  c1})c1})

 intint  and and extext define  define a Galois a Galois connectionconnection
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Treillis de GaloisTreillis de Galois

•• Let G = {(c,e)Let G = {(c,e) such that  such that cc is  is aa  closed termclosed term
of of LL (c = (c =  intint(e)) (e)) and and ee is  is aa  closed elementclosed element

of of PP((II) (e =) (e =  extext(c)}(c)}

•• G G with with ≤≤ such that  such that (c1,e1) (c1,e1) ≤≤ (c2,e2) (c2,e2)

iff iff e1 e1 ⊆⊆ e2 e2  denoted denoted as G(as G(intint,,extext)) is  is a a GaloisGalois
latticelattice
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Instance descriptionsInstance descriptions
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A Galois A Galois latticelattice
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Frequent Frequent concept concept latticeslattices

 Closed frequent Closed frequent item setsitem sets organized  organized in ain a
latticelattice

c c c c c c
c

c cc
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1. Alpha1. Alpha definitions definitions

 ChangeChange the extensional map  the extensional map ((extext))
according according to a partition of datato a partition of data

 Ex:Ex: the attributes  the attributes t1, t2t1, t2 and  and t3 expresst3 express the the
type oftype of the  the instances,instances, they allow  they allow us tous to
construct construct 3 3 basic classesbasic classes BC1, BC2, BC3 BC1, BC2, BC3
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Basic classesBasic classes

BC1={i1,i2}, BC1={i1,i2}, intint(BC1)=(BC1)=
{t1,a3,a6}{t1,a3,a6}

BC2={i3,i4,i5},BC2={i3,i4,i5},
intint(BC2)= {t2,a6}(BC2)= {t2,a6}

BC3={i6,i7,i8},BC3={i6,i7,i8},
intint(BC3)=(BC3)=
{t3,a3,a6,a8}{t3,a3,a6,a8}
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Alpha Galois Alpha Galois latticeslattices

 Alpha satisfactionAlpha satisfaction: let : let ∝∝  be be aa number number
belonging belonging to [0,100]. Let eto [0,100]. Let e be  be aa subset  subset ofof
instancesinstances and  and T aT a term  term of of the languagethe language::

e e alphaalpha satisfies satisfies  T (eT (e  satsat∝∝ T) T) iff iff

||extextee(T)| (T)| ≥≥ |e| .  |e| . ∝∝ /100 /100
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Alpha GaloisAlpha Galois lattices lattices

AlphaAlpha membership  membership relationrelation : :
ii  isaisaαα T T iff  iff ii  isaisa  T T and BCland BCl(i) (i) satsatαα T T

Alpha extensionAlpha extension: let : let II be  be a set of instances,a set of instances,

BC a set of basic classes,BC a set of basic classes, and  and T aT a term term::

extextαα(T)(T) = {i  = {i ∈∈  II  such that such that ii  isaisaαα T} T}
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Alpha extensionAlpha extension

 ext ext αα(T) = {i (T) = {i ∈∈  II  such thatsuch that
ii  isaisa  TT and  and BC(i) BC(i) sat sat αα T} T}

T={a6,a8}T={a6,a8}
extext(T) = (T) = extext00(T)=(T)=
{{i1i1, i3,i5, , i3,i5, i6i6,,i7i7,,i8i8}}
extext6060(T)= {i3,i5, (T)= {i3,i5, i6i6,,i7i7,,i8i8}}
extext100100(T)={(T)={i6i6,,i7i7,,i8i8}}
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Alpha GaloisAlpha Galois lattices lattices

•• Let G = {(c,e)Let G = {(c,e) such that  such that cc is  is aa  closed termclosed term
of of LL (c = (c =  intint(e))(e)) and  and ee is  is aa  closed elementclosed element

of aof a subset  subset of of PP((II)  (e =)  (e =  extextαα (c)} (c)}

•• G(G(intint,,  extextαα )  ) with with ≤≤ such that  such that (c1,e1) (c1,e1) ≤≤
(c2,e2)(c2,e2) iff  iff e1 e1 ⊆⊆ e2 e2  is is a a Alpha Alpha GaloisGalois
latticelattice nested  nested in G(in G(intint,,extext))
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  αα  = 100= 100
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αα  =60=60

{a6}, {i1,i2,{a6}, {i1,i2,…….,i8}.,i8}

{t2,a6},{i3,i4,i5} {t2,a6},{i3,i4,i5}       {a6,a8},{i3,i5,i6,i7,i8}{a6,a8},{i3,i5,i6,i7,i8}

    {t3,a3,a6,a8},{i6,i7,i8}{t3,a3,a6,a8},{i6,i7,i8}
{t2,a4,a6},{i3,i4}{t2,a4,a6},{i3,i4}

……..
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2.2. Comparison Comparison

 One basic classOne basic class : alpha Galois : alpha Galois lattice  lattice ==
frequent frequent concept concept latticelattice

 Several Several basic classesbasic classes : local  : local frequency frequency vsvs
global global frequencyfrequency
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Experiments Experiments (Cnet)(Cnet)

 2274  2274  productsproducts  
 5959   basic classesbasic classes
 234234 attributesattributes
 8   8   attributes attributes ((averageaverage) for a basic class) for a basic class

descriptiondescription
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ExperimentsExperiments

165369165369100734100734440214402181988198664664211211

91919292949496969898100100Alpha

....…a global view is untractable......

Nodes
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Experiment Experiment 1:1:
alpha  vsalpha  vs frequent frequent

3 not3 not homogeneous homogeneous classes : classes :

Laptop Laptop 252 instances (39252 instances (39
attributesattributes))

H-D 45 instances (22 H-D 45 instances (22 attributesattributes))

N-S 4 instances (16 N-S 4 instances (16 attributesattributes))

Frequent and Alpha Lattices
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Experiment Experiment 11

α = 100 → 92 : a node appears under Hard-Drive : products sold with
« support » (42 on 45). This attribute is not globally  frequent (42 on 301).

α =  0 → 6  : nodes are removed under Laptop: the attribute
DigitalSignalProcessor is really unfrequent (exceptional attribute)

ext6({laptop,…, DSP}) = Ø
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Experiment Experiment 2 :2 :
   Alpha vs  Alpha vs FrequentFrequent

24 24 homogeneous  homogeneous  classesclasses
nodes number
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Les concepts alpha = 100%Les concepts alpha = 100%

(Insects and Birds) Has_Hairs  ssi
Has_Teats
(mammals)



JournJournéées thes théématiques AAFD'06matiques AAFD'06 2929

Les concepts alpha=80%Les concepts alpha=80%

Has_feathers => Oviparous
règle vraie mais de support nul pour alpha =100
(birds (except platypus))

Vivaparous => Has_Hairs
règle vraie mais de support nul pour alpha =100
(mammals (except platypus))
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Les concepts originauxLes concepts originaux

projection alpha = 20%

2

1

3
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Les concepts alpha=20%Les concepts alpha=20%

2

1

3

Has_Wings=> Oviparous
regle fausse pour alpha =0%
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4. Alpha 4. Alpha rulesrules

intint((extext({square})) = {square,({square})) = {square, blue blue}}

    square square →→ square, square,blue  blue  (implication (implication rulerule))

square square ≈≈≈≈> > square,square,blueblue, small (association , small (association rulerule))

intint(ext(extαα  ({square})) = {square,({square})) = {square, blue blue, small}, small}

square square →→αα square, square,blueblue, small, small

 ifif t1  t1 →→αα  t2   t2 andand  t2 t2 →→αα  t3   t3 thenthen  t1 t1 →→αα  t3  t3

 If If  t1  t1 →→αα  t2   t2 thenthen  for allfor all  αα’’ >  > αα   t1  t1 →→αα’’  t2  t2

  →→  TransitivityTransitivity, , monotonicitymonotonicity
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Alpha Association Alpha Association rulesrules
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GuiguesGuigues--Duquenne andDuquenne and
Luxenburger Luxenburger Bases of 100-RulesBases of 100-Rules

and and 60-60-RulesRules

Rules extracted 
from a 
« Frequent » Alpha lattice



JournJournéées thes théématiques AAFD'06matiques AAFD'06 3535

Travaux en coursTravaux en cours

 Construction incrConstruction incréémentale de TG alphamentale de TG alpha

 GGéénnééralisation des treillis alpharalisation des treillis alpha

 Treillis de Galois - alphaTreillis de Galois - alpha
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Construction incrConstruction incréémentalementale
Class 1 (minsupp=0.6)

Class 2
(minsupp=0.6)

Classes 1+2
(Alpha=60)
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Merging Frequent latticesMerging Frequent lattices

Classes 1+2
(Alpha=60)

Class 3
(minsupp=60)

Classes 1+2+3
(Alpha=60)
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ExperimentExperiment
 Merging Merging 24 frequent 24 frequent lattices lattices to to obtain obtain anan

AlphaAlpha lattice  lattice ::
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The overlaping The overlaping casecase

ext ext αα(T) =(T) =

{ i { i ∈∈  II  such thatsuch that
ii  isaisa  T T andand
there exists BCk such thatthere exists BCk such that::
i i ∈∈  BCk and BCk and  BCk  BCk sat sat αα T } T }

i

BC1
BC2

BC3

A generalized definition of Alpha Galois lattices
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Treillis de Galois - alphaTreillis de Galois - alpha

 Affaiblissement de la notion dAffaiblissement de la notion d’’extension :extension :

extext  --αα(A) = { i (A) = { i ∈∈  II  telles que  itelles que  i  isaisa A  A ouou
BC(i)BC(i)    satsat  αα A} A}

ProblProblèèmeme : si on garde la fonction : si on garde la fonction int int, la, la
composition decomposition de int int et  et extext  --αα n n’’est pas unest pas un
opopéérateur de fermeturerateur de fermeture

Ex : Ex : extext  --αα(Vole) = {titi, bip-bip} (Vole) = {titi, bip-bip}   int  int({titi, bip-bip} ) =({titi, bip-bip} ) =
{bec, plumes, ailes}{bec, plumes, ailes}
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Treillis de Galois - alphaTreillis de Galois - alpha

Ajout de connecteurs de type dAjout de connecteurs de type dééfautfaut
exception : exception : δδ et  et εε

Subsomption : Subsomption : δδVole subsume Vole et Vole subsume Vole et VoleVoleεε

On sature les instances avec des propriOn sature les instances avec des propriééttééss
exceptionnelles (bip-bip est saturexceptionnelles (bip-bip est saturéée avece avec
VoleVoleεε))

Int sInt s’’applique sur les instances saturapplique sur les instances saturééeses
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Ext Ext Moins-alpha: dMoins-alpha: dééfauts etfauts et
exceptions.exceptions.

x est présent dans plus de 66 %
des instances de la classe CB2
donc x est ajouté à l’instance 1.

classe CB1 = {0}
classe CB2={1,2,3}
avec moinsalpha  = 66 %

!

x est absent de l’instance 1, mais
présent dans plus de 66 %
des instances de la classe CB2,
donc xε est ajouté à l’instance 1 ainsi
que δx.
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Treillis de conceptsTreillis de concepts

Treillis original

Treillis de l’extension 
moinsAlpha approchée

Treillis original étendu par les 
connecteurs δ et ε
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Apprentissage supervisApprentissage superviséé et et
TGTG

 Principe gPrincipe géénnééral : construire et comparerral : construire et comparer
des TG construits avec et sans utilisationdes TG construits avec et sans utilisation
dd’’un un éétiquetagetiquetage

 Notion dNotion d’’extension exclusive (projectionextension exclusive (projection
vers le top)vers le top)
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ConclusionConclusion

 Evaluation dEvaluation d’’algorithmes dealgorithmes de clustering clustering

 Raisonnement alphaRaisonnement alpha

 Liens apprentissage supervisLiens apprentissage superviséé et non et non
supervissuperviséé


